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Abstract

We give an extension of the celebrated Birkhoff-Lewis theorem to the nonlinear wave equation.
Accordingly we find infinitely many periodic orbits with longer and longer minimal periods ac-
cumulating at the origin, which is an elliptic equilibrium of the associated infinite dimensional
Hamiltonian system.
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1 Introduction and main results

The study of periodic solutions of the nonlinear wave equation has a long history. In particular, vari-
ational methods were successfully used, starting from the pioneering works of Rabinowitz at the end
of the sixties, by many authors such as Brezis, Nirenberg, Coron, etc. The variational approach has
the advantage of being global and of imposing mild restrictions on the strength of the nonlinearity. On
the other hand it imposes a very strong restriction on the allowed periods: they have to be rational
multiple of the string length, otherwise one faces with a small divisors problem. It must be remarked
that in finite dimension small divisors appear only in searching quasi—periodic solutions and that the
powerful machinery of KAM theory and, later, the Nash-Moser implicit function theorem were devel-
oped to deal with them. Starting from the late eighties Kuksin, Wayne, Craig, Bourgain, P6schel, etc.
used the fact that the wave equation is an infinite dimensional Hamiltonian system and modified the
above finite dimensional “classical” ideas to work in this infinite dimensional context, finding periodic
as well as quasi—periodic solutions. This alternative “Dynamical Systems” approach has the remarkable
advantage of allowing irrational periods, but it is local, namely one finds only small amplitude solutions.

*Supported by M.I.U.R. Variational Methods and Nonlinear Differential Equations.



Regarding this last approach, a first class of results was obtained in' [K87], [W90], [CW93], [Bou95],
[Bou99], [P96], [Ba00], where the extension of the classical Lyapunov Center Theorem for finite dimen-
sional Hamiltonian systems is proved. A latter class of results consists in the infinite dimensional exten-
sion of the Weinstein, Moser and Fadell-Rabinowitz resonant center theorems, see [LiS88], [BaPa01],
[BeBo03], [GMPr04], [BeBo06], [Be]. All the previous results concern solutions that are continuations
of the linear normal modes of oscillations and have periods close to the linear ones.

In the present paper we also use the “Dynamical Systems” approach, yet the kind of solutions
we find is completely different. In [BirL34] (see also [L34], [Mo77]) Birkhoff and Lewis proved their
celebrated theorem on the existence of infinitely many periodic orbits with larger and larger minimal
period accumulating at elliptic equilibria of finite dimensional Hamiltonian systems. An extension of
their result for some nonlinear PDEs, such as the beam equation and the regularizing NLS equation,
was given in [BaBe05]; on the other hand, the possibility to include the case of wave equation was left
as an open question, due to a more difficult small divisors problem, see Remark 1.4 below.

Here we extend the Birkhoff-Lewis theorem to the nonlinear wave equation. Namely we find in-
finitely many periodic orbits with longer and longer minimal periods accumulating at the origin, which
is an elliptic equilibrium of the associated infinite dimensional Hamiltonian system.

Let us state more precisely our main result. We look for periodic in time solutions of the one—dimensional
autonomous nonlinear wave equation with Dirichlet boundary conditions:
{ Utt*ux$+ﬂu+f(u):0
- _ (1)
u(t,0) = u(t,7) =0,

where p > 0 is the “mass” and the nonlinearity f is a odd, real analytic function with f/(0) = 0,
f""(0) # 0. All the solutions of the linear equation usy — Uy + pu = 0 are Y. A; cos(w;t + ¢;) sinix,
where w; = \/iZT, A; >0, ¢; € R.If A; = 0 for every @ # ig, ig > 1, the solution is periodic;
otherwise the solutions are not periodic? but are quasi-periodic or almost-periodic according if N > 2
or infinitely many A; are different from zero.
In extending the Lyapunov Center Theorem to the wave equation, one fixes, for example, iy := 1 and
finds (27 /@1 )—periodic solutions u(t, z) of (1) that are e—close to @(t,x) := Aj cos(w1t + ¢1) sin x, where
w1 —wp ~ ¢ and A; ~ /e. These solutions are continuations of the periodic solutions of the linear
equation and their frequency @; tends to the linear frequency w; when the perturbative parameter
tends to zero.
On the contrary, we fix N > 2 and find (27/e)-periodic solutions u(t,z) of (1) that are e—close to
a(t,z) = >,y Aicos(@;t)sinz, where @; — w; ~ € and A; ~ /e for all i < N. Our solutions have
frequency?® ¢ tending to zero, that is, their period tends to infinity.

We stress that these “Birkhoff-Lewis” periodic solutions are not continuations of periodic solutions
of the linear equation, where long period solutions do not exist at all, and represent indeed a purely
nonlinear phenomenon.

We now state our formulation of the Birkhoff-Lewis theorem for the wave equation. It was an-
nounced in [BiDGO7] and [BiV].

Theorem 1.1. Fiz i > 0 and let f be a real analytic, odd function of the form f(u) =3, <5 fmu™,
f3#0. Let N > 2. Then there exists a Cantor like set C satisfying B

lim meas(C N (0,&.])

e.—0t Ex

=1,

such that for all e = 27 /T € C there exists a T—periodic analytic solution u(t,x) of (1), which is even

L Actually [K87], [W90], [P96] are also devoted to quasi-—periodic solutions.
2Except for a countable set of masses .
3By definition, the (maximal) frequency of a periodic orbit is the inverse of its (minimal) period.



in t, sine-series in x and satisfies

u(t,r) = Ve Z a; cos(w;t) siniz + O(e) | , (2)

i<N

in a suitable analytic norm (see Remark 1.2) and for suitable a; = a;(e) > ct > 0, &; = ©;(e) = ek;i(e),
ki(e) ENT, i <N,

@ —w; = O(e), w; =12+ p. (3)
Moreover, for any fived 0 < p < 1/2, except a zero measure set of u's, the minimal period T™™ of the

above T —periodic orbit satisfies .
T > ¢t fef.

Remark 1.2. FExpanding in Fourier cosines and sines series with respect to t and x respectively, we
write u(t, x) = 3 ;50 51 Uki cos(ekt)siniz. Then u is close to the trigonometric polynomial u(t,r) =
Ek>0’1<i<N Ug; cos(ekt) sinix, where ux; = \/2a; if k = k;, while ty; = 0 otherwise. Finally v and 4
are analytically e—close
Z 62&k|k|z6€2&i1’2§|uki _ aki|2 <ct 53 , (4
k>0,i>1

~—

for some positive a,3,a,5 (see (95)). Here and in the following |k|. := max{|k|,1}.

Remark 1.3. Theorem 1.1 holds also substituting the summation over i < N in (2) with any other set
of indexes T = {i1,...,in} with iy < ... <iy.

First we briefly recall the procedure used by Birkhoff and Lewis to prove their theorem. The first step
consists in putting the Hamiltonian H (p, ¢) in fourth order Birkhoff normal form, namely H = Q4+ G+K,
where Q = Zivzl wil;, w; € R, I; := (p?+q?)/2 are the actions, G is a homogeneous quadratic polynomial
in the “actions” and K is a remainder having a zero of fifth order at the origin. Close to the origin
H is a perturbation of the integrable Hamiltonian ¢ + G. Assuming that the Hessian of G (w.r.t. I)
is invertible (non—degeneracy “twist condition”), the action to frequency map of the integrable system
is invertible; then one can find infinitely many completely resonant tori on which the flow of @ + G
is periodic. Can one expect some of these periodic orbits to persist for the complete Hamiltonian H?
[BirL34] positively answered the question using the implicit function theorem and topological methods.

Sketch of the proof of Theorem 1.1

As in [BaBe05] we put the system in “Birkhoff seminormal* form”. We fix a positive integer N > 2
and split the phase variables into two groups: the variables with index smaller or equal to N, the
“low modes”, and the variables with index larger than N, the “high modes”. By a suitable canonical
transformation we put the infinite dimensional Hamiltonian associated to the wave equation (see (7)) in
the form H = Q+ G+ G+ K, where Q and G are, respectively, homogeneous linear and quadratic terms
in the actions, Gisa homogeneous term of order four in the high modes, K has a zero of sixth order
at the origin. Neglecting the term K, the 2N—dimensional manifold obtained setting the high modes
equal to zero is invariant and filled up by N—dimensional invariant tori. Under a non—degeneracy “twist”
condition (which holds since f3 # 0), the frequencies of the flow on such tori cover an open subset of
RY. We focus on completely resonant tori that are filled up by periodic orbits. We want to prove that
at least one periodic orbit persists for the complete Hamiltonian.

Then we put the low modes in action-angle variables and perform a Lyapunov-Schmidt reduction®,
inspired to [BeBiV04] (where the existence of periodic orbits accumulating on elliptic lower dimensional

4Namely the sort of normal form used to construct lower dimensional tori (see [P96]). Complete Birkhoff normal forms
were performed in [Ba03], [BaGr].
5Craig and Wayne first introduce the Lyapunov—Schmidt reduction method in studying PDEs in [CW93].



tori of a finite dimensional Hamiltonian system is proved) and also used in [BaBe05]. The bifurcation
equation is defined for ¢y belonging to a N—dimensional torus, whereas the range equation is infinite
dimensional. Unlike the finite dimensional situation, here two new difficulties arise:

1. a small divisors problem in the range equation, that will be treated with Nash—Moser techniques,

2. solving the bifurcation equation on a Cantor set.

The small divisors problem. It is related to the resonance effects between the linear frequencies of
the motion on the torus, {w;};<n, and the infinite normal frequencies of the transversal oscillations
{w;}i>n (see (52)). Unlike the finite dimensional situation, one cannot expect to find solutions of any
frequency® ¢ > 0, but just belonging to the Cantor like set of the “admissible frequencies” (for which
the small divisors are not too small).

Remark 1.4. To solve the small divisors problem, [BaBe05] uses an approach inspired to [Ba00]: one
imposes a strong condition on the small divisors (see Remark 3.1) and uses the smoothing property of
the nonlinearity to solve the range equation by the standard implicit function theorem (or the contraction
mapping principle). Then the bifurcation equation is solved by topological arguments. We stress that for
the PDEs considered in [BaBe05], one can find a positive measure (Cantor) set of admissible frequencies,
such that the above strong condition on the small divisors is satisfied.

In [BiDG], [BiDG06] we used the same approach for the nonlinear wave equation. In this case, however,
it is immediate to notice that the strong condition on the small divisors could be satisfied at most by a
zero measure set of admissible frequencies. Actually in [BiDG], [BiDGO6] we were able to prove it only
for a finite set of admissible (rational!) frequencies, finding only a finite number of Birkhoff-Lewis type
solutions (see Remark 3.1).

In order to obtain a positive measure set of admissible frequencies we will use a (analytic) Nash—Moser
scheme. As it is well known, the Nash—Moser technique requires the invertibility of the linearized operator
(allowing some loss of regularity) in a whole neighborhood of the origin (this is always the most difficult
point of the issue). Therefore the small divisors get more involved, as they depend also on the bifurcation
parameter ¢g € TV.

The bifurcation equation on a Cantor set. The standard procedure would be the following: one fixes
¢ (small) and ¢y € TV, and solves the range equation by the Nash-Moser scheme. Due to the excision
procedure used to control the small divisors at any steps, one can solve the range equation only for
(¢0,€) belonging to a suitable positive measure Cantor set € C TV x R*. Through a Whitney smoothing
extension, the bifurcation equation takes the form: F(¢g; ) = 0 where F € C*°(TY x RT,RY). We have
to solve it on the Cantor set €. If ¢, € TV is a nondegenerate solution of F(¢,.;0) = 0, we can use
the implicit function theorem to obtain a smooth curve (¢o(€);€), ¢o(0) = ¢, solving F(¢o(c);¢) = 0.
Then it is simple to see that (¢o(e);¢) € € for a positive measure set of e.

Remark 1.5. An analogous way to proceed would be to extend the finite dimensional Moser’s proof of
the Birkhoff-Lewis theorem (see [Mo77]) to this infinite dimensional context. This approach would consist
in solving first the now infinite dimensional radial equation and then in solving a finite dimensional fized
point equation using the symplectic structure of the problem. As above, due to small divisors, the radial
equation could be solved only for values of the parameters in a Cantor set. So the resulting fized point
equation should be solved on the above Cantor set.

Remark 1.6. In the discussed extensions of the Lyapunov Center Theorem to the wave equation, an
analogous (with N = 1) problem appears and the above nondegeneracy is usually obtained assuming
that the nonlinearity is odd and the cubic term is not vanishing. If one cannot exhibit a nondegenerate
solution, the matter may become very difficult (see e.g. [BeBo06], [BeBo08§]).

SThe frequency of an orbit must be confused neither with the N linear frequencies of the motion on the resonant tori,
nor with the infinitely many normal frequencies of the oscillations orthogonal to the above tori.



Solving the bifurcation equation by symmetry. To overcome the crucial point of solving the
bifurcation equation on a Cantor set, one can try to show nondegeneracy. Yet, in the present case, this
means, first of all, that one would have to evaluate the sixth order term in the Birkhoff normal form
(these evaluation is very cumbersome, see for example the reckonings after Remark 4.4). We will not
pursue this aim.

Our idea is to look for “symmetric solutions” thanks to the reversibility of the system. This means that
we search solutions wu(¢, ) that are sine-series in z (which is quite natural) and even in time. In terms of
the associated Hamiltonian H (p, ¢) this corresponds to look for solutions (p(t), ¢(t)) with odd p(t) and
even ¢(t). This makes sense since the Hamiltonian satisfies the symmetry H(p,q) = H(—p, ¢), namely
it is reversible. Finding such symmetric solutions (p(t), ¢(t)) is equivalent to showing that ¢9 = 0 is a
solution of the bifurcation equation for any € > 0. In the exposition we will actually invert the usual
procedure: first we will solve the bifurcation equation by symmetries (using reversibility), then we will
solve the range equation by a Nash-Moser scheme (see Remark 3.1).

Solving the range equation by Nash—Moser techniques. First we solve the range equation on
the low modes taking the high modes as parameters; since the low modes are finite (i < N) no small
divisors appear and the equations can be solved by the contraction mapping principle. Then we insert
these solutions in the range equation for the infinite high modes (i > N).

To solve it, we use a Nash-Moser scheme inspired to the one developed in [BeBo06] (see also [BeBo07]).
However here, in the crucial inversion of the linearized operator, we meet two further technical difficulties:

(i) we have to diagonalize some not symmetric operators,

(ii) we have to deal with not Tiplitz operators’ (namely not “product operators”).

Let us briefly describe the scheme we have used. We first expand in time—Fourier series and, at any
step n > 1 of the iterative algorithm, we truncate at an exponentially large rate (with respect to n).
The truncated linearized operator we have to invert at every step is a (huge) matrix, whose entries are
infinite dimensional spatial operators (namely operators acting on z—depending functions). We split this
matrix into its diagonal part and its off-diagonal one. We want to show that: (a) the diagonal part is
invertible, (b) the off-diagonal part is a small perturbation of the diagonal one.

To prove (a), we want to diagonalize any spatial operator corresponding to the entries of the diagonal
part. These operators, even if they are close to diagonal, are not symmetric, due to some six order terms
in the Birkhoff normal form (see Remark 4.4), and the usual Sturm-Liouville theory cannot be used. We
diagonalize them and give estimates on their eigenvalues using the implicit function theorem. Assuming
the “first order Melnikov non resonance condition” (see Definition 5.3) we show that the eigenvalues are
polynomially bounded away from zero showing (a) with sufficiently good estimates (see subsection 6.2).
In showing (b), the small divisors come into play; it is enough to prove that the inverse of the product
of two small divisors is polynomially bounded by the distance of the corresponding “singular sites” (see
Lemma 7.1). Here some additional technical difficulties arise since the off-diagonal term is not a Téplitz
matrix, namely it is not constant on the diagonals (this is due to the fact that in solving the range
equation on the low modes are involved some integral operators, that are not product operators).

Remark 1.7. The assumption that f is odd is mecessary since we construct solutions which are real
analytic sine—series, hence in a neighborhood of x = 0 they are defined, odd and satisfy the differential
equation; adding the equation for u(t,x) and u(t,—x), one obtains f(u) + f(—u) = 0. This assumption
1s very natural from a physical point of view and it is satisfied, e.g., by the sine-Gordon, the sinh-Gordon
and the ¢* equation, taking® p =1 and f(u) = sinu — u, sinhu — u, u® respectively. On the other hand
let us note that we do not use the fact that f is odd in solving the bifurcation equation by symmetry.

Scheme of the paper

In Section 2 we write equation (1) as an infinite dimensional Hamiltonian systems and perform the
partial Birkhoff Normal Form, showing that it preserves the symmetry of the Hamiltonian. We put the

"Not Téplitz operators were also considered in [EK05], [EK05bis], [GPr07]; see Remark 2.13.
8We note that for 4 = 1 the estimate on the minimal period of Theorem 1.1 holds (see Remark 10.3).



low modes in action—angle variables. We set the functional spaces in which we will find the solutions.
In Section 3 we discuss the geometry of the problem and perform a Lyapunov-Schmidt decomposition,
showing that, in the particular subspace of “symmetric” solutions we are considering (see (59)), the
bifurcation equation has always the trivial solution ¢y = 0. Then we solve the range equation on the
low modes. In section 4 we consider the linearized operator (on the high modes), expanding it in Fourier
series with respect to time and split it into a diagonal term and an off-diagonal one. We also prove some
symmetry proprieties. Postponing the proof of the invertibility of the linearized operator, in Section 5
we use a Nash-Moser scheme to solve the range equation. In Section 6 we study the above diagonal
(in time) term. Its entries are not symmetric spatial operators. We diagonalize (in space) them by the
implicit function theorem and we also prove useful estimates on their eigenvalues, as they appear in
the small divisors. Assuming a suitable estimate on the small divisors that will be proved in Section 8,
in Section 7 we show that the off-diagonal term is actually a small perturbation of the diagonal one,
proving the invertibility of the linearized operator. In Section 9 we give a measure estimate on the set of
admissible frequencies. We conclude the proof of Theorem 1.1 in Section 10, also showing the estimate
on the minimal period. In the Appendix we prove some technical lemmata on the functional spaces
introduced in Section 2.

Notations. i := v/—1. z denotes the complex conjugated of z. £ := o= [*". For i € Z, |il, =
max{|i|,1}. If E is a separable Hilbert space with basis e; and a = ), a;e;, b = >, bje; then a x b
=) .(a;b;)e; € E; note that |ja * b||g < |a||g ||b]|g. Let N,a,s,a,0 > 0. By ct we denote suitable
constants depending only on N, a, s, o, o; moreover if y belongs to a Banach space F and = > 0, then
y = O(x) means that ||y||g < ct . Let E and F be complex Banach spaces, and let U be an open subset
of E; we will denote by A(U, F') the space of analytic (namely continuously differentiable) functions from
U into F. We will denote by Aq(FE, F') the space of analytic functions from some neighborhood of the
origin in F in some neighborhood of the origin in F. We will consider also real analytic functions: let
E and F be real Banach spaces, and let U be an open subset of F; we will still denote by A(U, F') the
space of functions from U into F' such that for each point of U there exist a neighborhood V' C CE and
an analytic map f : V — CF satisfying f = f on UNV; CE and CF denote the complexifications of
FE and F.
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2 Set up

2.1 The Hamiltonian structure

We study the equation (1) as an infinite dimensional Hamiltonian system with coordinates u and v = ;.
Denoting g(u) := [, f(s)ds, the Hamiltonian is

T2 2 u2
H(U,u):/ (—&—w—l—,u—l—gu)dw.
gt eyt

The equations of motion are
uy = O, H = v, vy = —0H, = Uyy — pu — f(u).

To rewrite it as a Hamiltonian in infinitely many coordinates, we make the ansatz

UZS'PZZ\/@iXi, UZSCI:Z 1 Xi s (5)

’ : Wi
i>1 i>1




where w; = /12 + p and x; = \/2/7sinix. The coordinates are taken from some Hilbert space
£4%(R) = {q =(q,--), G €R, i>1 st ||qll2, = Z |gi|%i** et < oo} , (6)
i>1
whit a,s > 0. We get
1 K
H(p7q):Q+G:§Zwi(qi2+p?)+/ 9(Sq) dx . (7)
i>1 0
The origin is an elliptic equilibrium. The equations of motion are:
Di = *aqu = —Wwiq; — ainv gi = aPiH = Wipi, i1, (8)

with respect to the standard symplectic structure Y dp; A dg; on £%°(R) x £%°(R). Instead of discussing
the validity of this transformation, we take the Hamiltonian H as our new starting point. Indeed analytic
orbits of H correspond to analytic solutions of (1).

Lemma 2.1 ([P96]). Let a > 0 and s be arbitrary. If a curve R >t — (p(t),q(t)) € £*(R) x £+*(R)
is a real analytic orbit of (8), then

u(t, x) := Z (il/%) Xi(x) 9)

i>1

is a classical solution of (1) that is real analytic on R x [0, 7].

Let ¢,"° be the Hilbert space of all bi-infinite sequences with complex coefficients and finite norm
(Xicz lail?li|?*e*@l1)1/2 Through the inverse discrete Fourier transform g — (2m)~1/2 Y., ¢;e'™®, we
identify ¢,>° with the space of all 2r—periodic functions which are analytic and bounded in the complex
strip |Imz| < a with trace functions on |Imz| = a belonging to the usual Sobolev space H®. If s > 1/2
the space £;"° is a Hilbert algebra with respect to the convolution of sequences (see [P96]).

Using the algebra property one gets that G is smoothing of order one.

Lemma 2.2 ([P96]). Fora >0 and s > 0, the gradient V ,G := (04, G, 04, G, .. .) is a real analytic map
from a neighborhood of the origin in £%*(R) into £%5T1(R). Moreover |V ,G|la.s+1 = O(|¢®|la.s)-

For the nonlinearity u> one finds
G = Z/o |u(x)|* dax = 1 Z-%:IGZW%%%QZ ) with Gijr = S o /0 XiX;iXexidx . (10)

In [P96] it is proved that Gjjr = 0 unless ¢ + j + k £ 1 = 0, for some combination of plus and minus
signs. In particular Gy;;; = (2+6;5)/(27w;w;) . From now on, we focus our attention on the nonlinearity
f(u) = u?, since terms of order five or more do not make any difference.

For the rest of this paper we introduce the complex coordinates

z; = \%(qz' +ipi), Zi= %(Qi —ipi), (11)

that live in the now complex Hilbert space

045 =(**(C) := {Z =(z1,...),2,€C, i>1 t.c. ||z||§7s = Z |z; %% e2* < oo} . (12)

i>1



We are considering z and Z as independent variables; note that, in general, Z # 7, where Z denotes the
complex conjugated of z. The phase space £*° x £** is endowed with symplectic structure =), dz; A
dz;. The Hamiltonian becomes B

H=H(z7)=Q+G =) wz+G(z2) € A(™ x(**,C), (13)
i>1

where, with abuse of notation, we have still denoted by G = G(z,%) the function G((z +2)/v'2). The
Hamilton’s equations write z = —i0; H, 7 =10,H.

We now show that the Hamiltonian H is reversible. Let us recall the definition of reversible system
(see [MZ]). A system i = g(w) is called reversible with respect to the reflection® p if

gop=—pg. (14)

Condition (14) is equivalent to

¢rop=py" (15)
where ¢! is the flow of W = g(w). From (15) it is clear that with w = w(t) = ¢'(w(0)) also pw(—t) is a
solution of w = g(w). A solution w(t) is called symmetric (w.r.t. p) if

w(t) = pw(—t). (16)
In view of (15) symmetric solutions are characterized by the condition
w(0) = pw(0). (17)
We now prove that the Hamiltonian H defined in (13) is reversible with respect to the reflection
p(2,2) = (2,2). (18)
First we note that by (10) and (11) we get
H(7,2z) = H(z,7) namely Hop=H. (19)
Now, if Xp := W(—i0;H,i0,H) is the hamiltonian vector field associated to H, by (19) we get
X =Xuop=—pXuop. (20)

Then, if w := (z,2), the hamiltonian system w = X (w) satisfies (14)

2.2 Partial Birkhoff normal form
From now on we denote by “*” the high modes of a vector, for example Z := (zny41, ZN+2, - .).

Proposition 2.3 ([P96]). There exists a close to the identity and symplectic change of coordinates (z,7)
= T(24,74), T € Ag(£%5 X 4% £%5 X LD%) verifying

|2 = Zulla,s1 + 12 = Zalla,s1 < et (2l s + 1124l2.) (21)
transforming the Hamiltonian H = Q + G in (13) in seminormal form up to order siz. That is
H,:=HoT=Q+G+G+K € A(** x (% C), (22)

where 3 .
VG, VG, VK c AO(ZG’S x ga,syza,erl % ga,erl)7 (23)

9A reflection p is a linear map from the phase space into itself such that p? = Id.



. 1 . B N
G = 5 Gijz*iz*iz*jz*j
min{i,j}<N

with uniquely determined coefficients Gij = (3/8m) (4 — &;5/wiw;), G is a fourth order homogeneous
polynomial and

C(2e,2:) = Oll2]lg.s + |12

20y K(@.2) =0 (|l

St IES.) -

In the next subsection (see (26)) we will prove that H, is still symmetric (recall (19)). To show it we
briefly recall the “algebraic” part of the proof of the previous proposition given in [P96]. The trans-
formation I' is obtained as the time-1-map of the flow of the Hamiltonian vectorfield Xy given by a
Hamiltonian

~ !/
F = F(24,24) = Z Fijreto;tojtogrog, (24)
0,5,k
where the prime means that the summation is over all nonzero integers, for ¢+ > 1, to; := z,; and
W_; 1= Zy, e
1Uijke .
for (i,j,k,¢) € Sy
Fike = @]+ +w), + S (25)
0 otherwise .

Here Giji¢ are defined for arbitrary integers by setting Gijre := G)i||;||x||¢|; MmoOTeover w; := signi - wy,
and Sy is the set of (i,j,k,¢) € Z* such that min{|i|, |j|, k|, (|} < N, i+ j+tk+£¢ =0 but
(i,7,k,€) # (p,—p, ¢, —q) or some permutation of it.

2.3 Symmetry of the Hamiltonian

We now prove that after the Birkhoff Normal Form the new Hamiltonian H, in (22) still verifies the
symmetry (19), namely
H,op=H,. (26)

First we note that F' defined in (24)-(25) satisfies —Fop = F, since —F_; _; _ _¢ = F; j ¢ and therefore
/ /
—F (7, 24) = — Z Fijrew_jro_jto_po_, = — Z F i _j—g,—gwinojropr0p = F(z,,7,).
i,5,k,¢ i,5,k,¢

Then we have
(VF)op=—pVF. (27)

Developing in Lie series we get H, := Hol = } .o, L%H/j!, where LYH := H and L%H =
{L37"H, F}. Then (26) follows if we prove that (L%H) o p = L%,H, ¥j > 0; we prove it by induc-
tion. For j = 0 it follows by (19). If G := L’ ' H satisfies G o p = G we have that

Lpop={G,Flop=(Xg-VF)op=—pXg-(VFop)=—pXg-(—pVF) = Xg-VF ={G,F} = L},

using that X o p = —pXg (recall (20)) and (27). The proof of (26) is now completed.

2.4 Action—angle variables on the low modes

We now consider new variables (I, ¢, 2, ,5), where (I, ¢) are action—angle variables on the low modes;
moreover we also connect the (small) amplitude of the searched solution with its frequency e, rescaling
the variables:

Zyi = \/g\/ Ii/Q(COS ¢1 +isin ¢7,) ) Z*z = \/g\/ Ii/Q(COS ¢1 —isin d)l) ’ i< Nv
Zyi = \/521'7 Z*i = \/Eélv 1> N. (28)



Here the phase space is'© PN x TN x B, ((**) x B,({**) > (I, ¢,%,%), where PN := {I ¢ CN, |I| <
r, Rel; >0,Vi< N}, TN := {¢ € (CN/27TZN [Ime;| < r, Vi< N} B, (6*%) := {Z € (®® ||z||a,s <r}
here r > 0 can be chosen large at will, taking ¢ small enough

Instead of looking for T—periodic solutions, we rescale time

t— et, T =2n/e, (29)

and search 27—periodic solutions (at the same moment dividing the Hamiltonian by ).
After (28) and (29), the new Hamiltonian is

H(I, ¢, 2,%€) i= € 2Ho (24, 74) - (30)

The symplectic structure is ), . dI; Ado; —i) -, \ dZ; ANdZ;. Recalling the definitions of G, G, K given
in Proposition 2.3, we can rewrite H in the form

A 1 . “ R ~ R
Hi=clw T+ Q- 2524 §AI-I+BI-2*2+G(2,2) +eK(I,¢,2,%¢€), (31)
where
w:=(w1,...,wN) and Q= (wNy1,--.) (32)
are respectively the vectors of the linear and elliptic frequencies, A is the N X N matrix A := (G’ )1 <N

B is the oo x N matrix B := (Gij)i>N <N with G’ij defined in Proposition 2.3 and!!

K(I,¢,2 %:¢) == e 3K (2,2,) .

We note that

det A#£0 (“twist condition”) (33)
and
|Bij| <ct/lil, Vi>N,j<N. (34)
By (23) we get
VH(;e) € .A(PTN x TN x B,(£%%) x B,(£%%),CN x CN x ¥+ x E“H) : (35)

Remark 2.4. By continuity we can choose 1y = ry(a,s) > 0 and ey = €4(a,s) > 0 such that VG, VK
and their derivatives up to order three are uniformly bounded on Pﬂj X Tfn\; X By, (£4°) X By, (£4°) x [0, g3].

Let p, be the reflection in (18) in the new variable, namely

pei=(p,p), where p(I,8) := (I —¢), namely p.(I,¢,%,%) = (I,—6,%,2). (36)

By (26), it is immediate to see that
Hop.=H, (37)

—px X = X 0 puc (38)
where XH = T(—8¢H, 617-(, —i@Z:H, iagH).

10Here and in the following, with a little abuse of notation, we still denote by £%° the subspace of £%* formed by the

sequences {Zl}l>N
11Note that K is analytic in e since K in Proposition 2.3 is of order six and it is even in the variables (Z#,2+).-

10



2.5 Functional setting

Let E be a separable complex Hilbert space. We will denote by Cper (R, E) the space of all the continuous
and 27—periodic functions from R into E. For f € Cper(R, E) we can define the “Fourier coefficients”

2m
fx = j[ e M ft)dt € E (39)
0
(recall that JCOQW = o fo%). Let @ > 0 and o > 1/2. Let

Hy” = {f € CouRE) st [[flgge i= D 2P fyll3 < oo} (40)
k

The functions of Hy? are actually analytic (or, better, have an analytic extension) on the complex strip
T, := {t € C, s.t. [Imt| < a}.

The proofs of all the results of this subsection are contained in the Appendix.

Proposition 2.5. Every f € Hy? is continuous on T, and analytic on Ty and
F) =" fue™, (41)
E

with fi € E defined in (39).

For fvg € Hg"a we set <fa g>H§‘7 = Zk 62a|k||k|za<fkagk>E~

Proposition 2.6. (-, '>Hg*“ is a scalar product on Hy®. With the norm || - ||Hg*" inducted by it, Hg" is
an Hilbert space. Moreover there exists a constant ¢ = c(o) > 0 such that super, [|[f ()£ < el fllme-.

We note that a Hilbert basis of Hy? is {€*¢;} jez where {e;};ez is a Hilbert basis of E. We also
remark that the series in (41) converges in Hy'* and, therefore, uniformly converges on T,.
One can consider also the case in which E is a real Hilbert space.

Proposition 2.7. Let be f : E — F, f(z) =) Ld"f(0)[z, ..., 2] analytic for ||z||g < ro. Let

n>ng n!
a >0, 0 > 1/2. Then there exists 1 = r(c) > 0 such that f. : Hy® — Hp?, h — f(h) (where
f(W)(t) == f(R(t))) is analytic on ||k e < 1. Moreover

1z < ST (Ibllig=/2r) "
n>ngo

where M > 0 is a constant independent of o and o.

Special norms of linear operators

Let E, F be two separable complex Hilbert spaces and L(E, F') be the space of linear and continuous
operator from E to F. Let L(Hz?,Hz?) be the space of linear and continuous operator from the
Hilbert spaces Hy'" and Hp° defined in (40); & > 0, o > 1/2. Then for every L € L(Hy°,Hy),
k,l € Z, are well defined Ly, € L(E, F) by

2m
Vz € E, L[] ::J[ e ML) dt € F. (42)
0

11



Definition 2.8. Let us define the space
LY (B, F) = { Le LHE Hy?) st ||L|Zaw(p,p) = Sgpzewk*e”k — U2\ Laell . py < OO} -
k

(43)

Remark 2.9. Let us consider the L’s belonging to L (E, F) for which there exist L}, € L(E,F),n € Z,
such that Ly, = Li_g, for every k,£ € Z. By (43) it is defined L* € Hg(% r) by LEt) == ), et LE,

Vt € R. Then L is a Téplitz operator, that is, a “product operator”, since it acts as the product by L*(t),

namely (L[f])(t) = (L}(1))[f ()], ¥ f € HE”, t € R. Moreover ||L*|yrae = || Lll coo(5.F)-
Proposition 2.10. If L € L*?(E, F) then for every f € Hp°
(L) (@) = Zeiktgk, where gy = ZLM[M er (44)
k ¢

with Lie € L(E,F) and f; € E defined in (42) and (39) respectively. In particular the former series
converges in Hp?, the latter in F.

Proposition 2.11. £L*?(E, F) is a Banach space with respect to the norm || - || ze.o (g, ry. Moreover
there ezists a constant ¢ = c(0) > 0 such that || - | cgeo moey < |- lcow ). Finally | Lkl oz, r) <

LN ccmee moey-

Proposition 2.12. Let E, F,G be separable complex Hilbert spaces. Let LV € L& (E, F) and L ¢
L% (F,G). Then L& oLM € £L5(E,G) and |[LPoLW || paw(p.q) < et |[ LD || zoe (.5 [|ILP]] oo (£, -

Remark 2.13. Not Téplitz operators with scalar entries were also considered in [EK05], [EK05bis],
[GPr07]. They essentially use the norm supy, , ¥ =4[ Ly,|.

3 Lyapunov-Schmidt decomposition and symmetries
Let us write H =: Hint + G+ eK where
Hi(I, 9,2, 26) = tw-T+e71Q 252+ %AI.I+BI.2*§
is integrable. The orbits of the integrable Hamiltonian H;, are
I(t) =Ty, do(t)=do+e @t+Blsg*iot, 2(t)=e ez, 5(t) =5, (45)

%

where & := w + eAly is the vector of the shifted linear frequencies and Q := diag,- n (wi + 5(BIO) ) is
the matrix of the shifted elliptic frequencies. .

The manifold {2 = z = 0} is invariant for the Hin—flow (and for the (Hin+G)-flow too) and it is filled up
by the N—dimensional tori {I =1y, o €TV, 2=2= 0}7 on which the flow t — (Iy, ¢o + e~ 1@t,0,0)
is 2m—periodic, if and only if

elo=rezVN. (46)

Thanks to the “twist condition” (33), we can satisfy (46) choosing
Iy = Iy(e)=A1(k—{w/e}) (47)
k = k(e) =|w/el+ &, (48)

where {-} and [] denotes, respectively, the fractional and integer part; moreover & € Z~ is a suitable
e-independent vector'? such that 1 < Re([y;), for i < N. Then the shifted linear and elliptic frequencies
depend on the one dimensional parameter e:

O = w(e)=w+eAly(e) =ck(e), (49)

12Note that RN 3 & +— A=1% — A="{w/e} is invertible and |A~'{w/e}| is bounded by some constant independent of ¢.
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Q = Qe) = diag;- y(e), where  Qi(e) :=w; +&(Blo(e)),, Vi > N. (50)
We also introduce
Z:={e€(0,1) s.t. 3¢ < N with w;/e € Z}.
Z is a sequence tending to zero. Then Iy(¢), (¢), @(¢), Q(¢), are smooth for € ¢ Z and
I(e) =e2?A w, K'(e) =0, Ved¢ Z, (51)

where, here and in the following, we denote by “’” the (total) derivative with respect to €.
For any fixed e, the infinite 27r7periodic Hi,i—orbits of the family

={I(t) =Io(e), o(t)=do+r(e)t, 2(t)=2(t)=0} ~TV,

will not all persist for the flow of the complete Hamiltonian H. But if F is isolated (namely there are
no other 2r—periodic Hj,—solutions close to it), i.e

ek —Qy(e) =k —w; + e(BA™Yw/e}), —e(BA™'R), #0, VkeZ,i>N, (52)

(recall (45)) we can hope to prove existence of solutions of H bifurcating from F. The “geometric”
condition (52) clearly appears as a non-resonance condition between the linear frequencies {w; };<n and
the elliptic ones {w; }isn-

We will look for 2r—periodic orbits of H of the form

(I(t),0(t), 2(t), 2(t)) = (Lo(e), o + K(€)t,0,0) + eu(t), (53)
where u(t) := (J(t),(t), 2(t), 2(t)) belongs to
Ha,&a,o’ = H(X N

CN xCN xgas xfa:s

with fozw 1 = 0 and ¢y € TV is a parameter to determinate. From the Hamilton’s equations of H, it
results that u and ¢g must satisfy

eJ = =20 K (%) = Ny (J, 4, 2, % do; €)

e — 5~AJ = 2Btzxz+ 581K(*) =: ‘ﬁw(J 0,2, % gbo;e) (54)
eiz—Qz = QBJ*z—i—s?’a G(z,z) +¢0: K( *) =M, (J, ¥, 2, Z; do; €)

e+ Q7 = —e2BJx3—e30.G(z,3) — e0:K(x ) =: N:(J, 4, 2, Z; go; ),

where x := (Ip, ¢ + kt,0,0) + cu.
The right hand side of (54) defines the Nemitskij operator M := (97, Ny, N, Nz) acting on u; by (35)
and Proposition 2.7, 91 “gains one derivative”, namely

m('; ¢0; 5) S AO(Ha,s,oc,a'a Ha,s+1,a,o') 9 (55)

with a, s, > 0, o > 1/2. Moreover N is also smooth for ¢ ¢ Z and ¢y € TY.
The left hand side of (54) defines a linear operator £ acting on u. Then (54) reduces to the functional
equation Lu = MN(u; o). The kernel I and the range R of £ are, respectively, K = {1/1 = const} and
= { fOT 1; = 0} . Performing a Lyapunov-Schmidt reduction, equation £u = 9%(u; ¢g) splits into the
kernel equation
0 = HxMN(u; ¢o) (56)
and the range equation
Lu = HrMN(u; ¢p) . (57)
The “geometric” condition (52) means that £ is formally invertible on R. To make it quantitative, one
chooses the parameter € such that the diophantine estimate
ek — Qq(e)| >ct/li]", 7>1, VkeZ,i>N (58)

holds, then £ is actually invertible £ : Hy s17.0.0 — Ha.s,0.0, loosing 7 derivatives. The range equation
becomes u = £ Iz N(u; ¢p).
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Remark 3.1. In [BaBe05] the nonlinearity gains § > 1 derivatives, so, taking 1 < 7 < §, one obtains
a positive measure set of parameters satisfying the diophantine condition and the range equation can be
solved by contractions.

In [BiDG], [BiDGO6], to have that £~ TIxN is a contraction, we had to impose T = 1. This means that
the set of € for which condition (58) is satisfied must have zero measure. Actually there we were able to
find only a finite set of admissible €.

In the present paper, to obtain a positive measure set of €, we take T > 1. Now the operator £ 1Tz
cannot be a contraction, “loosing T—1 > 0 derivatives”. A Nash—Moser scheme is necessary. One should
linearize equation (57) in a whole neighborhood of the origin; then the small divisors get more involved
depending also on ¢g. Then one could solve the range equation for a Cantor set of parameters (¢o,€)
and solve the bifurcation equation on it; as we discussed in the introduction, this problem is difficult and
here we use a complete different strategy. We look for solutions u of (54) in the “symmetric space”

S = { w= (4,23 st pa=TJu } (59)
where
(Ju)(t) == u(-1) (60)

denotes the time inversion. It is simple to see that if u € S the kernel equation (56) is always satisfied
with ¢o = 0 (see Proposition 3.4). So, from now on, we take ¢y = 0.

For brevity we introduce the Hilbert space

3% = {w = (..., w_g,w_1,w1,Ws,...), w; €C, st. ||wH3S = Z Jw;|2]i|?* 2 < oo} .
i#£0
We will systematically identify £%° x ¢*° with £5°°, namely (z, Z) with w, setting w; = z; if j > 1 and
w; = Z_; if j < —1. With a little abuse of notation we will write, e.g., w = (z, 2), G’(w) = é’(z, Z), etc.
Finally let Wy s.a,0 := Hy27, with norm || - [[a,5,0,0 := || - ||z, (defined in (40)).
. s

The strategy to solve the system (54) is the following. By the Fixed Point Theorem (see Proposition
3.4 below), we will solve the first two equations in (54) finding J € H:y even in t and ¢ € HZy odd
in ¢ for every fixed w = w(t) belonging to Wy 5 0.0 N W where

9t = { w= Zwkeikt s.t. pw = £Jw or, equivalently, pwy = Tw_y } . (61)
keZ

Then we will find w solving the last two equations in (54) with J = J(w), ¥ = ¢(w). This is the most
difficult task and it will be overcome by a Nash—Moser procedure.

Remark 3.2. We have to control that the solutions we find are indeed real. This means that if
Rt = { w=(2,72) s.t. 5(t) = +2(t) } (62)

we must show that w € RT. This fact is not surprising since our Hamiltonian is real analytic. So in
the following we will always write the “reality conditions” in the statements, but we will often omit the
(straightforward) proofs.

3.1 Solving the low modes

Let us consider the linear operator L![J, )] := (J, 1) — AJ); its kernel is {(.J,4)) = (0,ct )} and its range

is {(f,9) s-t. 0271' g = 0}. Therefore L¥ is invertible in the space of functions with fo% g = 0. Indeed we

define B € £>7(CV,C?N) acting on f =3, fee'®, g =, gee™ by B[f, g] := (J,¢) where

L ife 9e i0 L 1 . ge i
J.Z<Z+A€2>€t, Y= AT gy i3 St (63)
60 040

Note that the integral operator B is not a Tdplitz operator.
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Lemma 3.3. If go = 0, then (J, 1) := B[f, g] solves L*[J, 4] = (f,g). Moreover ||B||zo.c(caon cany < ct
(with constant independent of o, o) and pB = —IBTp. Finally B(Heid) C Hysy -

Proposition 3.4. Let a,s,a > 0 and o > 1/2. For every ¢; > 0 there exists g > 0 independent
of a, such that Ve < eg there exist x(:;¢) = (J(5€),¢(5¢)) € AWas,a,00 Hps%), defined for every
lwlla.s.a0 < c1 and satisfying

x o pJ = pJx, (64)
such that, if w € T, then (by (64) J(w;e) is even in time and ¥ (w;e) is odd and) x(w;e) solves the
first two equations in (54). Moreover ||X(w;s)||ngva < ct and, if ¢ ¢ Z, ||8sx(w;5)||Hg2,]aV, < cte 2

Finally if w € RY, then J(w;e),¢Y(w;e) € Hy .
PROOF. Let ® € Ao(Hg3% X Wy 0,0, HZs% ) be defined by

Dy, w;e) := 671%_]\?()(,10;6) ., where N := (M7, Ny) .

We claim that there exists co = ca(a,s) > 0 (large enough) such that, Ve; > 0 and ||w]|g,s,0.0 < €1,
there exists g = eg(a,s,0,¢1) > 0 (but independent of «) such that if ¢ < gq then ®(-,w;e) is a
contraction on the closed ball B := B.,(Hgs% ). By Remark 2.4, Proposition 2.7 and (54), there exists

c3 > 0 independent of a, o, such that for every ci,cs > 0, if € < gy dependent!® on ¢ but not on «a,

IIN(X,w;s)IIHg,‘;; < ese, (65)

O, N ,w;sH < ese?, 66

H N X )ﬁ(Hgi}'ngéfv) ° (66)
H%N(mw;e)H < ese?, (67)

‘C(Wa,s,a,u'ngi]{:])

for any x € B and ||w| < ¢1. Then for any x,x* € B, ||w|| < ¢1, € < ep, taking co := c3||B]| we get
|@(x,w;e)|| < e 1B cae = ca, (namely ® maps B on itself) and

1@y, wie) — D(x*, wie)|| < e B[N (x, wie) — N(x* wie)|| < cte'e?|x — x*|,

(namely @ is a contraction on B). Therefore, by the Contraction Mapping Theorem and the analytic
dependence of ® on w, there exists x(-;¢) € Ao(Wy 5,0,05 H&’Z), defined for ||wllq,s,a,0 < €1, solution of

x(w;e) = q)(x(w; €); w;s) ) (68)

Let us prove (64). Since x(w) is the limit of the sequence x/*!(w) := ®(x? (w),w) with x°(w) := 0, it
is enough to prove by induction that x7 o pJ = pJx?. This directly follows noticing that N (px, pw) =
—pN(x, w) (by (38)) and p%B = —IBTp (recall Lemma 3.3).

By (64), the solution of (68) has the property that ¢ — (.J(w))(t) is even and t — (¢)(w))(t) is odd when
w € W+, Then ¢ — (N (J(w),¥(w),w))(t) is odd, its average is zero and, by Lemma 3.3, x solves the
first two equation of (54).

If J,op € Hpi and w € Wy 50,0 NRT, the, by (37) and (54), N (J, ¥, w;e), Ny (J, ¢, wie) € Hpi;
moreover, by Lemma 3.3, ®(J,¢;w;e) € Hp3y . Hence the above solution of (68) also belongs to Hp3%..
Deriving (68) with respect to €, we get

Oox = —e 'x + e 1B( TNy (69)
with (recall (51))

N, = —e203,K[0.J] — 205, K[0:0] + Uy, N, = 207, K[0-7] + €07, K[0:0] + Uy,
Uy = —0,K — €03, K[I} + J| — c05, K [y)] — £2(02. K, 05: K)[w] — €05 K,

13Here the choice of g is related to ry of Remark 2.4 and to c(s) of Proposition 2.7.
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Uy = 01K + €0}, K[I} + J] + €07, K[¢] + €2 (07K, 01K ) [w] + €07. K + 2eB'z x 2.
Since the linear operator
M : 0.x — 0-x — eB(0}, K0 J + 07, KO-, —e03 KO- J — £95,K0-1))

is invertible (for e small enough), by (69) we find 9.y = e~ 'M~! [ —x+B(U,, U,p)} by which the final
estimates of the proposition follow, noting that the dominant terms in Uy, Uy are the ones containing
I} and |1} (¢)| < ct /€% (recall (51)). O

Summarizing, we have solved the first two equations in (54) finding J(w;¢e) and 1 (w;e); we have to find
w that solves the last two equations in (54) with J = J(w;e) and ¢ = ¢ (w; ) namely

Low+eN(w;e) =0. (70)
Here L. : Wy 50,0 = Wa,s—1,a,0—1 is defined by
Lew := (—¢iz + Q(e)z, —ciz — Q(e)2) = —ciw + Qe)w, (71)
where, with a little abuse of notation'4, we still denote by Q) the bi-infinite matrix
diag|i|>NQi, with  Q; := sign () §~2|i| , Vi > N; (72)
finally
N(w;e) := (sBJ(w; €) * 2+ 20:G(w) + 0:K (yy), —eBJ (w;€) ¥ 7 — £20,G/(w) — 85R(yu)> ,  (73)

where y; := (Io(g) + eJ (w; ), k(e)t + ey (w; ), ew; €). Note that by (55) and Proposition 3.4
N(5e) € Ad(Was,a,00 Wast1,000) - (74)
Fore ¢ Z
BN (w;€) = (BJ w2+ eBJ % 2+ 2e0:C(w) + 02, K (y) [Ty + J + £0..])
+02, K (y3) [0 + £0-0] + 02, K (yy)[w] + 02K (yy),
“BJi—eBJxi— anza( ) o2 K(ymfo + T+ 20.)
02, K () + 20.] — 02, K () [w] - 02K () ) (75)

We note that by (38) and (64) we get
Nopd=—pIN. (76)

Then
LE(QZTJFQERJF), ./\/'(Qlﬁﬂi)‘ﬁ) CW NR . (77)

4 The linearized operator

Let us linearize the operator (70) in w. € Wy 54,0 (close to the origin). We get L(w.;€) : Wo 50,0 —

Wa,s—l,a,a—la
L(w,;e)[w] := Lew + eDN (w,; €)[w] =: Lew + €2 A(w,; €)[w], (78)

where!®
Mws; )[w] = e 7' DN (wy; €)[w] = (A (ws; €) [w], A (wy; €)w]) = (79)

14Recall definition (50).
BWith @ := (2, 2).
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(Bj % zy 4+ BJ (wy; €) % 2 4+ €02, G (w, )w + 8glk(yb)j + 8§¢I~((yb)1ﬁ + agmf((yb)w,
BT w2~ B(wie) » 2 — <02, Glwyw — 0 K ()] — 53, (1) — 2 K (g )w)

J = DJ(w,;e)w], ¥ := DYp(w,; €)[w], yy = (Io + eJ(wi; €), k(e)t + ep(wy; €),cwy;e) . (80)
We now prove that A(w,;e) € L2 ((2°, 125T1) (recall Definition 2.8). First of all we note that
J = B sz, J 02 K(y)J 0 2 K()d, J = Bl sz, J e 021K ()], = 02K ()0

belonging to E(Hg,’f, H;:%..), and

w— BJ(wy;e) %z, w— 02, Glw)w, wi— 8§ml~((yb)w, w— BJ(wy;e) % 2, we— 02,G(w)w,
w = 02, K (y,)w,
belonging to £(Wa s a,0, Hyi%41), are all product operators; namely they belong to L7 (CN | ga-st1y

and L>7 (£5%,£%5T1) respectively; moreover, for ro and g sufficiently small but independent of «, the
norm of all the above operators are all uniformly bounded on {||w||a,s < 70} X [0, 0] by some constant

independent of a. On the other hand the operators J, ¢ are not T6plitz operators.

Lemma 4.1. Dx(w.;e)[] € LWas,a.0, H33%) actually belong to L (03°,C*N). Moreover the follow-
ing estimates hold

||DX(U}*;E)Hﬁa,a(ﬁws’cw) <cte,
ID*x(wss )| + 1 D*x(wase)| S cte,  elldeDx(wsse)ll + 10:-D*x(wise)|| < ct
for every ||willa,s < 1o and e € [0,e0] \ Z. All the constant above are independent of c.

PROOF. Deriving with respect to w the identity in (68) we get

(J, ) = My[J, ] + Mow, (81)
where
MT 4] = e B0 )+ 0u M ye)id . 05N () + 0Ny (40
Myw = &7 B (0,9 (y)w, 9Ny yg = (x(waie),w.)

We note that My € L(Hgs%, HZ3%) satisfies
||M1||£Q,U(C2N’(C2N) <ct 571”‘3”5%0(@21\77@21\7)62 < 1,

by (66) and Lemma 3.3. Therefore M{™, " - M™ = (Id— M;)~' € L*7(C?N,C?N), by Propositions
2.11 and 2.12. By (81) o
(J,9) = (Id = M)~ [Maw]. (82)

Finally My € L(H 2%, Hz3Y ) actually satisfies || Ma || go.ogos covy < cte™'e? < cte, by (67). By Proposi-

£

tion 2.12 we get the estimate on Dy. The estimate on the operatorial norms of D?y, D3y follow deriving
(82) with respect to w.

Let us derive (81) with respect to ¢ ¢ Z, obtaining

(0=, 0:4) = (Id — M) [M{[J, ] + My[w]] .
We have

Mj = —e "M + 571%[(8J(ﬁJ(yﬁ))/ + (00 (yy)) s (950 () + (%‘M(yﬂ))/} ;
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where (recall (54)), e.g.,
(aJ‘ﬂJ(yﬁ))/ = 258?1-’2(%1) + 528?11X(yﬁ)[16 +J +e0:-J] + 528}0’1¢R(3/t1)[¢ + €0:] + 528?15f<(3/ﬁ)a

in which the dominant term is that containing Ij). We get || <8ij(yu)) < ct. The other

l
a,o «,o
L:(HCZN7HCQN

: / ! -1 :
terms being analogous, we get || M] H'C(ngj?vﬂgé?v)’ ||M2||£(H275 o) S cte and the estimate on 9, D.J

follows.

To obtain the estimates on 9.D?*x we proceed analogously noting that DMl £y < moye 12,
c %7 e

/
o, a0 praoy < cb.
IDM | cirgae x mzacs 1z < cf -
By the above considerations and Lemma 4.1, the following result follows.

Proposition 4.2. A(w,;e) € LY (D% 125 with estimate [A(ws; &)l oo pore gaetry < et for any
lwilla,s,0,0 < 70, € €[0,0] \ Z. The constant, ro and e are independent of c.

Then, by Proposition 2.10, there exist

Ao = Apo(ws;e) € L(025, 055 kteZ, (83)
such that for any w € Wo 5.0 (vecall that w(t) = >, wee, with w, € ££°, by Proposition 2.5) we
have

(A(w.;e)[w])(t) = Z eikt Z Ape(wy; ) [wy] (84)
k ¢
with

1A (ws; )% go.e gotry = Sll}pZeQ“““‘é'lk — 27 Ak (W )2 e gaoiny S 8 (85)
k

Y [wellgz-s < ro.

We are going to prove some “symmetry” properties of the operators Age, that will be used to prove
that the solution of (70) we are searching belongs to 20t N KT (recall Proposition 3.4). In particular
they will used to prove the last assertion in the statement of Lemma 5.4. For brevity we will often omit
the explicit dependence on ¢ in the following.

Lemma 4.3. If w, € 2 then Vk,{ € Z, Ao(ws) = —pA_j_¢(ws)p; moreover if w, € RT then
Are(wy) € L(E2°(R), £4°TH(R)).

PROOF. First we note that by (76) we have

DN(pw.)(pdu] = 5 N{p3lw, +€w)) =~ (3N (w. +¢w) = ~p3(DN (w.)fu]).

namely

AlpTw.)[p3w] = —p3 (A(w.) )

and, therefore, for w, € 207,
Adwa) ] = —p3(Awa)fu)

Then for any x € £3° we get
2 . . 2 . .
Ape(wi)[z] = ][ e A (w,) [ x] dt :j[ eilktjppCi(A(w*)[el“a:]) dt
0 0
2m ) ) 2m ) )
= —][ e_‘ktfjp(A(w*)[pje‘“x]) dt = —p][ e‘lktJ(A(w*)[e_‘“px]) dt
0 0

27
= o A ] dr = —pAiifw.) o
0

18



Recollecting

Lw = L{w,;e)|w] = Z ekt <5kwk + Quy, + £2 Z Age(wy; E)[’LUg]) . (86)

k L

We split £ into a diagonal (in time) term and an off-diagonal one:
L(w,;e) = D(wy;e) + T (wy; ), (87)
where the diagonal operator is (D(w,;e)[w])(t) := >, €* Dy (w,; £)[wy] with
Dy (wy;€) i= ekldgas + Q+ 2 My (wi;e) 1 €95 — (2571 (88)

and
My = My (wy;€) := Agr(wye) € E(E‘j’s,f‘j’s“) , (89)

and the off-diagonal operator T' = T'(w,; ) € L% (L2 ¢951) is
(T(wa;e)[w]) (£) =D €™ >~ Ape(wase)[wy] (90)
k #k

By (85) there exists ct > 0 independent of k such that

[ Mi(ws: )l gz gmeny <t Vllwllasas <70, € < 0 (91)
Remark 4.4. The operators My, defined in (89), are not symmetric. This lack of symmetry could
, L . . as  —Idgas
surprise. Considering, instead of L, the operator J L, with J := 105 Ode , one would have
0ass pa,s

that JL is symmetric on Wy s a0, since it is of the form —eiJ 0+ Hessian. However note that the
time Fourier coefficients of JL are not symmetric on £y°, in particular (J L)gk is not symmetric since
(—eiJ )k = €kJ. On the other hand, the decomposition in (86)-(90) is crucial for the method'®
we use to find the eigenvalues, as we are going to explain. The eigenvalues ug; of Dy accumulate to
zero. Conversely, for every k, the eigenvalues A of Q + 2My, are large, well-separated and weakly
depending on k (see (147)), so that they are relatively easy to find (see Section 6). Finally, by (88),
ri = €k+Ag;. The smallness of i, is due to the interaction between the term €k, which depends only on
the time-Fourier-index k, and the term Ag;, which substantially depends only on the space-Fourier-index
1. Roughly speaking, we could say that the above decomposition allows us to “decouple the time and space
effects”.

For completeness we now show that My is not symmetric. By (79) and Lemma 4.1, for ¢ small, the
dominant term in A is'” (BJ(w*) * 2+ agwf((yo)w, —BJ(wy)*xzZ— agmf((yo)w), where yo := (I, 0t,0).
Let M be the dominant term in M. M is independent of k. We have

R Mu M12
M = ( M2L pAq22

2m

2m
), with — MZ! = — : 2. K(yo)dt,  Mi?:= ; 9% . K(yo)dt,

ZiZj ZiZj

27 27
M = ]E (5. (BICw )i+ 02, Kw))dt, M ;:_jg (555 (BI ()i + 02 - (o))t

The operators M"™ € E(K“’S,Z‘f’s“) have got the following properties. M2 ‘and M2 _are obviously
symmetric. By (37) and (37), M'" and M?? are also symmetric, M?** = —M'" and M'? = —M?!;
therefore M is symmetric if and only if M2 = 0 = M?!. Actually M?! does not vanish in general.

16 Analogously in [BeBo06].
17For the rest of this section we omit the explicit dependence on «.
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We now give an example of this fact in a simple case: let us take N := 1 and prove that M
833 2, K (yo)dt # 0. The only term of K that does not identically vanish when we evaluate 0?2 (yo)
comes from the following term in K (defined in (22)): z25(a12%; + 223,741 +a322, 22, + a42.175, +a5z*1).

By the Hamiltonian symmetry (recall (26)) we get a3 = as and ay = ay4; then (recall (28)) the only
2
relevant term in K is 23 + (2a1 cos4¢1 + 2az cos 2¢1 + ag). Finally /\/l33 = —I—ag It remains only to

show that a3 # 0. We must evaluate the sixth order term of K; recalling the analysis carried out in
subsection 2.2, we obtain that it is equal to {G, F}+ 1{{Q, F}, F}, namely to

_8 Z r Gmbchmjké

s1ign m Ombedike 0004101010,
g w;n_’_wz_’_wk_’_wz mbedj c j )

m,b,c,d,j,k,l
where the prime means that the summation is over all nonzero integers and
0 if (m,j,k,0) ¢ Sy orm#+btctd,
5mbcdjk€ = 1 if (m7ja kvz) € SN and (_m7 ba C, d) S SN7
2 if (m,j,k,0) € Sy, m==xbtctdbut (—m,b,c,d) ¢ Sy .

Then a3 = —72(b1G1111G3311 + b2G123111 + b3G:23311 + b4G§311), where

b 1 1 n 1 b 2 n 1 1
1 = — = ; 3= ’
w1 2((4)3 —wl) 2(w3 +w1) ws 2(&)3 —wl) 2((,03 +w1)
b 1 1 3 3
2T ws+3w; w3 —3w ws—w; wytw’

o 1 1 1 1 4 4
L w5+W372W1 w57w3+2w1 Ws +w3+2w1 w5—w3—2w1 ws + w3 W57W3.
The coefficient a3 analytically depends on the “mass” p > 0, moreover lim, o+ a3 = —oo since
lim,, o+ pag = —547~2. We conclude that, a part from (at most) a finite set of u, az # 0 and so

M and, hence, M, are not symmetric.

5 Nash—Moser scheme

Let us define the projection P, defined for w € Wy 5 4.0 by
P, ( Z wkeikt) = Z wieFt. (92)
k |k|<4n

The following estimates are straightforward. Let a > o/, 0/ > 0 and w € W, 5 o, then

(o'~0)
1
[wlla,s,00,00 < € (a — a’> [Alla,s,00 » (93)
with ¢, := €@ (¢ — ¢)(*' =) and

P,w =0 — <e = E Dyl s a0 - (94)

Remark 5.1. Up to now we have considered arbitrary a,s,a, o and the various constants ct continu-
ously depended on them. Now we fix

a>0, 5>2, a>0, g>1/2 (95)

and we will use all the previous results with a, s, a,o equal to some functions of a,s, &, a; for example
we will take a :=a, s:= 8§ or s:=5—1 etc.
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Let us define

n+1
g = 2% and Q= Qg — a02—n—1 = ap — oy Z 2_J — 060/2 = Q. (96)
j=2
Let, for s € R,
Ws(n) =P Wa sts,an,5 and w) = Wo(n) . (97)

Let us consider the truncation of the linearized operator £ defined in (78), namely
£ .= p.C OE w - Wﬁq) ) (98)

We will find the (right) inverse G of £(™) see Lemma 5.4 below. We will use the decomposition in
(87), namely

£ =pm 4 270 where D™ := P,D |y and T := P, T |yo) - (99)
By Lemma 4.3
w, € WT —  DW(w*), T (W) C WT. (100)

5.1 Melnikov condition and invertibility
Let us define

1<7<2 yi=g°, o= (1427 )y >y 0<d<T—-1<1 (101)

(6 will be fixed in (197)).

Remark 5.2. The restriction 7 < 2 is technical. We will use it in estimating the eigenvalues of the
linearized operator (see (163)). It also simplifies the estimates on the small divisors.

Definition 5.3 (First order Melnikov conditions). Letn € N, ¢g > 0, w, € W) Let us define

ETn

Z'T

>

AT (w,) == {a € (0,¢0) s.t. )gk—fli—az(/\/lk(w*;a))“ . lek—i| > i—z, Vi>N,0<k< 4”},

where (My(ws;€)),, = (Mi(ws;€)es, €i)as with e; the standard orthonormal basis of (3°. Note that
AT (w,) is an open set, since nothing changes if we substitute “¥i > N7 with “¥ N < i < 4"T1” in the
above definition.

The following Lemma is crucial for the iterative scheme. Its proof is the real core of the issue and it will
be proved in the following sections (see, in particular, pg. 31).

Lemma 5.4 (Invertibility). Let n > 1. If |willa,s-1,an.6+2 < To, with ro defined in Proposition 4.2,
then for all € € AT (w,) there exists G () : Wﬁ) — W™ satisfying

Hg(n) (w*55)||5(wﬁj>,w(n>) <ct '7715772471“71)) ) (102)

such that
LG =h,  Vhew™, (103)

namely G is the right inverse of L™ . Finally, if w, € Wt NRT then G (w,;e) : W NR- —
W+t NRT.
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5.2 Iteration
In this subsection |- |, :== || - ||a.5,a.,.5, fOr brevity.

Lemma 5.5 (Iterative Lemma). Let be w® = 0, Ag := (0,e0) \ Z. Then there exists a sequence of
open sets A, C Ap_1 C ... C Ag and w™ = w™ (), w™ € W NWt NRY defined for e € A, with

Ay i={e €A1 st € AT (w™V(e)}. (104)
w™ () = 3", hi(e), where k™ () € W N W NRY is defined as
W (e) := —GM (WD e) [Low™ V) + e PN (w5 e)] (105)
RO (g) = w®(g) = 0 and
W) ()| < coe™ 10X /8 < <2, (106)
for a large enough constant co. Moreover h("™) (€) is differentiable in the open set A,, with
|(R) ()], < coe e X' @/8 < (=22+46-7)<2, 1<x<X. (107)

PROOF. We proceed by induction. Let us suppose the construction holds for n, and prove it for n + 1.
First we note that A"V is well defined since |w™|z 5 a,.1,54p < 70, SO that, by Lemma 5.4, is well
defined g™+ (g,w™) for € € A, ;1. Indeed by Lemma 93, (106) and ay, 41 — a; < —ap/2t!, we get

o

n n
sz <t YW — anga) T2 et Y 2% RO]; <ctemT 0 <
=1 i=1

for € small enough.
Notice that from the definition of £(™ in (78) and (98) and using (103) and (105), we get

— LA™ — P, DN (w™ D) [p™] = — £ (=DM = [_w®=Y 4 e P, N (™). (108)
We are going to prove that (106) and (107) holds for 2(»*1) by induction. Let
Ry := PoiN(wy) = Pyt N (0 ) = Py DN (=) (] (109)
then
plntl) — _g(n+1)(w(n))[L w™ 4+ Py N (w (n))]
= =G (™) | Law™ + PN (w"™Y) 4 ePyyy DA (=) )] +5Rn}
= gD (™) LEw(”_l)—l—ePnN( (=UY 4 Lh,, 4+ P, DN (w™ D) [h™]+eR,
—eP N (™) 4 2Py N (w™ D) — e P, DN (w1 [1(M)] +5Pn+1DN(w("_1))[h(")}]

= g (™) | = PN (") + Py N (w D)

—eP, DN (w () N[A™] + Pyt DN (DY [RM] 4 an]

— _Eg(n-‘rl)(w(n)) Pg—&-lN(w(n—l)) Pn-‘,—lDN( (n—1) )[h(n)] +Rn] , (110)

where P"t1 := P, — P, and we used (108). Notice that

(4" 4 1) (an — ang1) = (A" + 1) —0_ > %2”. (111)
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Taking a := a, s :== §, & := ay, 0 := & in (74) we have N(:;¢) € Ao(Wa5,0,.5 Wa,5+1,0n,5), V1 > 1.
By (73) and recalling that all the estimates carried out in (34), Remark 2.4, Propositions 3.4 and 2.7,
Lemma 4.1, do not depend on «, we conclude that for r¢,eq > 0 small enough

sup sup sup  ([IW(w;e)llast1,an,0 + € IDN(w;e)op
e€[0,e0] n>1 |w|, <70

+e7 2| D2N (w; €) ||op + E_2||D3J\/(w;€)||op) <ct, (112)

where || - ||op denotes the appropriate operatorial norms. Reasoning as above, by (75) we get analogous
estimate for 9., namely

sup sup sup (€2[|0-N(w;e)llastt,an,s + El|DIN(w;e)|op + | D?ON (wse)|lop) < ct. (113)
e€[0,e0]\Z n>1 |w|, <ro

By (109) and (112) we get
|Rnlni1 < |Rnln < ct|R™]? < ct@e2(T7170) e X a0/4 (114)
By Lemma 5.4, Lemma 94, (112), (114) and |[w™ V], < >, |hili < cte™ 172 <rg, we have

|h(n+1) |n+1

IN

EHQ(”“)(W("))||z;(W<"“’ W(nﬂ))|Pg+1j\/‘(w(n—1)> + P,’Z“DN(w("‘l))[h(”)] + Rp|ns1

IN

ct 677176 471(771) (67(4"4»1)((1”7(1”4.1)|N(w(n71)) + DN(w(nfl))[h(n)”n + |h(n)|i)

ct ET—1—5 4n(7‘—1) (6—2"a0/4 + 0(2)62(7-—1—5)6—)("040/4)

IN

IN

ct ET_1_6 4n(7‘—1)e—x"(x0/4 < ¢ 87—1—6 e—x"+1a0/87 (115)

for ¢y large enough (note that gr(r=1)g=x"a0/4+x " a0/8 _, () for n — oo since 1 < X < 2), proving
(106).

Let us suppose that (107) holds up to n and prove it for n 4+ 1. Using (103) in (110) we get
—E(n+1)(’w(n))[h(n+1)] — E(P:Lz-i-lN(w(n—l)) + P,?J'_IDN(QU("_D)[}L(”)] + Rn) . (116)

Deriving (116) with respect to €, we have

— LD (M) [(APHDY] = (£LOFD (™)) [RHD) 4 PIHIR, 4 eR! + R, (117)
where
R, = N ™)+ DN (W™ ) A™] 4 0. N (w™ V) + e DN (w D) [(w= VY]
+e0. DN (w™ D) [A™M] 4 e D*N (w™ D)2 (w™~D)]. (118)

We are going to estimate all the four terms in the right hand side of (117). By (51), (71), (78) and (98)
(LD (w ™)) = Py (=i, + Blot+e ' BA  w+2eA+e20. A(w™; €) 42 DA (w™; &) [(w™)]) [yyrensn) -

We have |9;h(" V)|, 1 < 4* TR D] 0 By (78), A = e~ 'DN and, therefore, 9.A = —c 2DN+
e 'DI.N; then |e20.A(w™;¢)| < ct by (112) and (113). By inductive hypothesis

(@) < S 1BDY]; < cters . (119)

1<i<n
Again by (112), [e2DA(w™; &) [(w™)'][ns1 < cte1e27¢. By (101) 2 — ¢ > —1; then by (115)

|(£("+1)(w(")))/[h("+1)] |n+1 < cteo(4" + 671)67717667%“&0/8 . (120)
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We now estimate R,,. By (106), (112), (113) and (119) we get'8 |R,|, < cte~!, since again 2 — ¢ > —1.
By Lemma 94 and (111)

|PP R, gy < e FD(@n—ent)|p Ry < e 270/ R, |, < cte2 @0 4mL (121)

Deriving (109) with respect to €, we have R/, = R. + R2 + R3 with

Ry = Pupr(DN(w™)[(h™)] = DN (w™=)[(R™M)))
RY = Puy(DN(w™)[(w™ V)] = DN (w™ ) [(w™ )] = D*N (w™=D)[(w™ D), nM))
R} = Pui1 (0N (wy) — 0N (w™ ™) — 9.DN (w™=D)[R™)]) .

From (112), (119), (113) and [w™ |, < 37, [hili < cte™ 7% <o, we get

[Bilnrr < [IDPNlop h ™[] (™) | < ctcgere™ 160 X a0/8

N < — . < — n 0 4
[Rilnsr < 1D Mlop (0™ D) [aa[ V] < et chere? =2 e X0/
[Rilns1 < ID20-Nlop B 7 < ctcfe®T 1 0emxmao/t,

and then ~
|eR! i1 < ctegee™ 260 (XX )a0/8 (122)

Recalling (120), (121), (122), (114), we get
‘(E(”H)(w(”)))/[h("ﬂ)] + PrHIR, +eR, + R”‘m—l < ctege™ 20Nl (XX a0 /8 (123)
Applying G"(w™) to both sides of (117) and using Lemma 5.4 and (123), we have
[(RHDY |41 < et ee?(T2myn(r=Dyntl o= (X" +X")ao/8 < creCe X" a0/8 (124)

for ¢; large enough (note that 4™(T—14n+le—("+X"=X""a0/8 _, 0 for p — co since 1 < § < y).
We finally prove by induction that A"+ e 95+ N9+, Indeed by inductive hypothesis w™ € 20T NR+
and, by (77), Lew™ + P, N (w™; ) € 2~ NR~, so we conclude by (105) and Lemma 5.4. O

Corollary 5.6. Define

n>0
Ife € C, then w™ (€) converge in Wg 5 H;i to a solution w(e) € W NR* of (70) with
||IU(€) a,s,a,0 <ct ETilié . (126)

PROOF. By Lemma 5.5 if ¢ € C there exists a sequence w(™ (e) € W™ > W, 545, n > 0. By (106)
w™ (¢) is a Cauchy sequence in Wa.5.a,5, indeed

n+m .
Hw(ner) (n)| sas < Z ||h( i < coe™ 1™ 0 z —X'ao/S __, (), when n — oo.
1=n+1 i=n+1

Therefore w(™ (¢) converge in Wy 5 4.5 to a suitable w(e) satisfying (126). To prove that w satisfies (70)
we take the limit for n — oo in the space W5 5-1,4,5—1 into the equation (108). For the right hand side
of (108) we simply have

Lew™ ™Y 4 ePN (™) — Low 4 eN(w).
a.5.a.5 — 0, by (112) we get for the left hand side of (108)

Since |
— LA™ — eP, DN (w™V)[h™] — 0,
proving (70). O

18The dominant term is ed: N (w(™~1).
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6 Diagonal term

Notations. From now on'® (%° = (25(R), (25T = (Z*T1(R), ete. For brevity, the basis, the norm
and the scalar product of £2°"* will be denoted by {el(-s)}iez* (where Z, := Z \ {0}), | - |s and (-,-)s
respectively; if s = 0 we will omit it, namely e; := 650)7 [-|:=1"]o and (-,-) := (-, -)o. We will also denote
by || - |ls,.s, the operatorial norm on £51:52 ;=L (#3551 g35+52),
If U € £57%2 we denote

Uij := Ui(jl,sz) = <6582)7 U6§81)>32 )

tNhen ifa=73; ajegsl) € (3°°" we have Ua = > Uijaj)ez(SQ) € (2°2. Finally if p; > 0 and
U = U |ea,§+sl+p1€ £51+p1,32+p2, then
Uij = iP2j~P1U;; . (127)

In order to invert the operator D™, we now analyze the spectral properties of the operators
Sk = Sp(w;e) := Q+ My, (w,; ) 1 €35 — (3571, (128)

All the difficulties arise since My, is not symmetric, recall Remark 4.4.
In the following subsection we will study a generic operator

S:=Q+eMe Lt (129)

where ¢ is a small parameter and M € £%! is a not symmetric operator. Let M, := [|[M|lo,1 < oo. If
M;j = M?J’»O and M;; = M2 we have that iM;; = M;;. Then by definition of M, we have

17
SR Migar* < M2 aj. (130)
k k

i

In particular, for every fixed i € Z, and every sequence {ay }rez.,
Y Migawl* < M2y af (131)
k k

and for every fixed j € Z,, choosing ay := dx; in (130), we get

sup Y i%|My;|* < M?2. (132)
I

6.1 “Diagonalization” of S

Proposition 6.1. There exist Cy,eqg > 0 (depending only on M, and on the mass ji) such that for every
¢ < e there exist V.€ L7171 and, V|i| > N, \; € R with |\;| < ct /i% such that

|V = Idjas-1]-1,-1 < Coe, moreover V |jas€ L% and |V |pa.s —Idgaslloo < Coe  (133)

and o
SV |as=V(Q+A) e £, (134)

where A € £O1 is the diagonal operator with entries ]\Z-j = [\%0 = ed;; (M + ej\i).

19Recall that by Lemma 4.3 the involved operators are “real on the reals”.
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PROOF. For U € £90 let
U = sup s Y U
J i

Note that |Ulo,0 < ct|||U]]. Let

E:={U €% st. U; =0Viand |||U]| < oo}.

E is a Banach space with the norm ||| - |||. For r > 0 let B, := {U € E s.t. |||U]|| < r}. Let us introduce
the operator ® with entries
1—9;
(2()),; 1= By (U) = o2 (— Mij =Y MaUsj + UMy, + Uy ZMijkj) . (135)
LY k k
We claim that
3C, ¢g > 0s.t. Ve < ey, @ is a contraction on B¢, . (136)

We postpone the proof of (136) and assume that U € Bc. is the fixed point of the equation U = ®(U).
It is sunple to prove that U € £%° can be naturally extended to an operator Ue b1 defining

Uij == 1U;;. Indeed, by (135), U is formed by four addenda. For example, the first addendum U™ has
entries 16
Y Q—Q;1

We now show that UM _; _; < cte. Indeed for every sequence by, with 37, b2 = 1 we have that, for
any fixed i, defining aj, 1= —e =20k} by (131) we get

(i —Qp)i
k2
|Z ik Vb2 = |ZMzkak|2 <e*MZi ZZ Wbi < 16e*MZi~2, (137)
ki k)7t
where in the last inequality we have used that
k

~‘7|~.§4, Vik, (138)

€2 — Q]

as it follows by?° } }
1 — Q| > |i — K|/2. (139)

Then by (137)
||[7(1)H271)71 = _sup Z |U bk|2 < 21662M2 72 < cte?
>

kki

Since the other addenda can be treated analogously we conclude that
[T -1.-1 < cte. (140)

Let ~
Vi=Idps:1+Uec LV, then U=V |as —Idps

and (133) follows by (140) and ||Ulo0 < ct |||U]|]| < cte. Let

Z MU (141)
k;ﬁl

20Note we can always assume (139) taking e small (recall (50) and (72)).
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We prove that |A;| < ct /i2. Indeed by (135) A; is formed by four terms; we will only consider the first

one, /\ =Y i ( Qk) ! M1, My, since the other ones can be treated analogously. For any fixed
i let us define ay, == (Q; — Q) ' Myidir; by (131), (138) and (132) we get

- 2 M2 M3

P - \miak\ N R e

Kt Pz Q-2 k(- )
M2
< i
k#i

We now show that ~ o -
QU -UQ—-—A+eM+eMU-UA=0 (142)

(viewed as an operator belonging to £%~1) from which (134) follows. Indeed we have
i(QU —UQ — A+ eM+ eMU — U[X)ij
= (QZU” — Uijﬁj — Aij + e/\/tij + ezMikUkj — Uij]\j]) . (143)
k
Taking ¢ = j in (143) we get —Nj; +eM;; + e >, MUk which is null by (141). On the other hand,

for i # j we have

(Q = Q)Tij + eMij + e Y MuUsj — eUiiM;; — Ui,

k
which is null by (135) and (141); (142) follows.
We finally prove (136). We claim that
1®(U)||| < 4Me +ct Ce?, YU € Be. . (144)
Indeed ®(U) is formed by four terms; we can estimate the square of the ||| - |||-norm of the first one by
(135) having
E su -2 |M'LJ| _ 2 j2 ~2M__2<16M22
S LI S VPP
J i#] |Q - Q; ‘ T itj ¢ |Qi _le

by (138) and (132). Since the other terms are analogous we get (144). Taking C := 5M, and ¢¢ small,
by (144) we get |||®(U)]|| < Ce for any e < ¢.

We have only to prove that ® is a contraction. Recalling (135), ® is formed by four terms; we will
consider only the fourth term since it is the only nonlinear one. For U, W € B¢, we have

e (W) — 2@ W)]* = ¢ SUpj Z GYE

#J

2
z] ZM]kUkj ijZMjkaj’
k

2
< 2¢2 supJQZ |Q GHD (‘ (Uij — Wz‘j)ZMijkj’ + ‘Wij ZMjk(Ukj - ij)‘ )
k !
< 28M3(\||U|||2 +WIPINU = W[ < 4e'C2M2 |[|U — W2

by (131). Then (136) follows taking eg small enough. O

6.2 “Diagonalization” of D™

In this subsection we will always consider w, € 2T NRT with ||willas,a,0 < 70, € € AL (w,) and
|k| < 4™
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We now apply Proposition 6.1 with S := Sj, defined in (128), ¢ := €2 and M := My (wy;e) € £O!
defined in (89) (recall also (91)). So we find?! operators®? V; € £7571 0 £%0 with inverse V, ' €
L7711 £%0 (vecall (133)) and diagonal operators Ay € £%! with entries

(Aw)i; = 01582 ((Mres, €5) + M) €R, |Awi| < ct /i%, Vl]i| > N, (145)

such that o
SV = Vk(Q—l—Ak),. (146)

We can say that for any k fixed,
Aki = 4+ M = Qi + e2(Myey, e;) + O(eYi|2) = sign(i) /i + pu+ O(e |i| 1) (147)
are the eigenvalues of Sy = Q0 + £2M,,. Note that
l7—il/2 < |Akj — Aeil < 2[5 —1], T< A <i4p. (148)
Lemma 6.2. For every k € Z, i > N, we have A_p_; = —Ag; and V_, = pVip.

PROOF. Let Ag; be the i—th eigenvalue of Q + e? My, and A—k—i_be the —i—th eigenvalue of Q+e2M_y.
We conclude noting that, by Lemma 4.3, p(Q + e2My)p = —(Q + 2 M _y). O
The eigenvalues of Dy, defined in (88) (with a := a@ and s := ) are

ki = pki(wase) = ek + A € R defined for  |i| > N, (149)

Recalling (72) we have that |ux;| can be small only if k£ and ¢ have opposite signs. To work with
positive integers we define

ﬂki:ﬁm—(w*;s) = )\}ﬂ'—&‘k‘, VkZO, Z'>]\/v7 (150)

so that
Lkl > \feyal,  YIk[ <47, fi] > N (151)

For every k > 0 let ig = i9(k) > N be the smallest integer such that

min |figi| = |fikio | - (152)
We claim that
ke > N = io—1<ke<ig+pu+1. (153)

Let us prove the first inequality. If ig — 1 = IV, it is true. If ig — 1 > N let us suppose by contradiction
that ig — 1 > ke; then by (148) we get pgi, > o — ke > 1, but 0 < Mg, — Ak(io—1) < 2 so that
—1 < pig(ig—1) < Hrio contradicting the minimality of x4, We now prove the second inequality in (153).
Let us suppose by contradiction that ke > ig + p + 1; then, again by (148), uki, < io + 1 — ke < —1,
but, since 0 < Apgig4+1) — Akip < 2, we have pgi, < pig(io4+1) < 1 contradicting the minimality of g,
(153) follows.

Note that |k|<4mir‘1| N|/uﬂ-| > 0 (see (159) below) and that, by (149) and (147), |uw:| ~ |i| for |i]
<4n, i|>

large. Let us define the operator U™ = U™ (w,;e) by

U(")( Z eiktwk) = Z M ULwy, with Uy, = diagy;> v (ri/|pkil) € L1212
[k|<4n |k|<4n

2INote that the constants Cp and € in Proposition 6.1 depend only on M := ||M]lo,1. Since in (91) the estimate
on |[Mygllo,1 is independent of k, w« and e, then all the constants below will be also independent of k, wsx and & (and
continuously depending on «,c.).

22With abuse of notation we still denote by Vj, the operators Vj, \ea,ge £0:9,

28



oW, — W, is invertible and [[U™|Zy 0,1/, [(T) 7| Z1j2,—1/2 = 1.
Let
Dy (ws;€) = Dy, == diag); > v (i i) € £

For any p € R let??
Dy[P = diag);js y (177 |uwil?) € LPT>°, VseR. (154)
Let ip be such that (152) holds. It is simple to see that
o . 5 —1/2
O = (mm {lAgkp ], lio — 1||N\k\io|}) (155)
> et max i~ Y2 i V2 = ot H|Dk|*1/2H = ct H|D,€|*1/2H (156)
li|>N 0,—1/2 —1/2,~1

For w =} <4n e'*twy, let us define the operators

ZMy = Z eF Ziwe, ZMw = Z et Zwy
|k|<4n |k|<4n

(Z("))flw = Z eiktZk_lwk, (Z("))flw = Z eiktzk_lwk,
k| <4an |k <4
with
Zi = Vi Dp|TY2, Zy =Dy 7YV, 20 = DMV, 20 = VDV (157)

Note that Z(™) : W), — W, Z0 . wt — w) (zm)=1 . we — W and (200)71

WY;)/Q — Wg) By definition we get that (Z()~1Z() and (Z(™)~1Z(™ coincide with the identity

on WE’;)/Q and WY;) respectively. Noting that (88), (149) and (146) imply DVj = Vi Dy, we can state
the following

Lemma 6.3 (“Diagonalization”). Let ¢ € A] (w.), with ||ws| as,a,0 < To. Then
D™ (w,;e)Z™ (w,;e) = (Z(”)(w*; 5))71U(”) (wy;€) : Wg)/Q — Wy;) .
We also note that
U™t nw®), zM (@t nwE), 2020t nR®t) € W NRT. (158)
Indeed by (149) and Lemma 6.2 we get p_r—; = —px; and pUgp = —U_g, pZrp = —Z_y, ete.
We conclude this section with some estimates on jig;, 6 and the operators Z(, Z(™)

Lemma 6.4. Let ¢ € A] (w.), with ||ws||a,s,0,0 < 7o, and 0 <k < 4™. Then

cthlkT7 if ke > N,
|Fikio (Wi €)] > (159)
ct, if ke < N;
ctke, ifke>N—+pu+2,
k(v (W €)] > ctye,  if 1/2<ke <N +pu+2, (160)

ct, if ke < N;

23We drop the dependence on s in the notation of |Dy|P since these operators have the same entries in any £P155.
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cty L2 (r=2)/2p(r=1)/2 if ke>N
5k(w*;€) < (161)
ot . if ke <N;

and

120 (w.: ) 120 (wsse) < oty TR (162)

”ﬁ(wf;)m,W(n)) J Hﬁ(W@,W@/Z) <

PROOF. If ke < N then |fg;| > ¢ — N > 1 by (148). If ke > N we get ig < ke + 1 < 2ke by (153). By
the first Melnikov condition introduced in Definition 5.3, the estimate (147) and 7 < 2, we have

. 4
k| = ek — Qg — e2(Myeiy, €1,) + O (i)’ > s, (163)
15 1 e kT
where v, has been defined in (101). (159) follows.
Let us prove (160). Let us assume ke > N + u + 2 since the other cases directly follows by (159).
Then, by (148) |pwns1)| > ke — Apv41) = ke = N — pp— 1 > ct ke. Therefore (160) follows.
We now prove (161). The case with ke < N directly follows by (159) and (160). Let ke > N. From
(155), we have to show that
kv 4| > ctye® TR (164)
and
lio — 1||finiy| > ctye? "KL (165)
(164) directly follows from (160). By (153) we have that ig &~ ke, therefore by (159) |ig — 1||f@ki,| >
ct keye!="k~7. (161) follows.
We have

||Z(H)H?y<n) wm sup ”Z(n)wH%’V(”)
—1/20 le\w(n)/ =1
—1/2

2
= sup E eQa"|k||k|§5|kak|2 < [ ct max 6|k\
llwll @y =1 n Ik|<4n
wi), o lkl<an

since |Zpwg| < HVk||070||H|D|*1/2H_1/270|wk|_1/2 < ctdjgj|wr|-1/2. An analogous estimate holds for

ZO|| oy oy - (162) foll 161). O
| HWER,WEI)/Q (162) follows by (161)

7 Off-diagonal term

In this section we deal with the operator 7™ . We point out that 7™ is not a Toplitz operator.
Define

T = TM (w,;e) := ZMWTM 7" (166)

namely ~ ~
(TM),, = Dk 2V Mg Ve [D| 72, for k#¢ and (T™),, =0. (167)
Then we define }
=) = E(")(w*; g) :=UM + 27 Wy;)/Q — Wﬁq)ﬂ

We want to prove that, if ¢ is small, 2™ is invertible for every n. We need the following crucial lemma
on small divisors, that will be proved in Section 8.

Lemma 7.1 (Small divisors). Let 1 < 7 < 2. Let ¢ € A (w..), with w, € W NRY, [willas.a.0 < To,
and |k|, |¢| < 4™, £ #£ k. Then

11Dk (wa: )72y ollIDe s ) M2y, < ety - kP

with ¢t > 0 continuously depending on o, o.
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Using Lemma 7.1 we give the following

Lemma 7.2. Suppose that w, € W™ N+ NR satisfies |wilas—1.0,.042 < 7o and € € AT (w,).

Then we have ||T (w,; e )H[: W Ww ) < Cy~te™! with constant independent of n.

PROOF. For w € W( 1)/2, we have, from (167) and Lemma 7.1,

|(T(n)w)k’—1/2 Z ‘Dk‘_l/QVkilAke Vi | Do |~ %w,
le|<4m o4k —-1/2
= Z H|Dk|7l/2“o,—1/2||vkilHO,O||AM||—1,0HV’<”*17*1H|D5‘71/2H—1/2,—1|W|—1/2
[€]<4m £k
< ¢ Z H‘Dk|71/2|‘0,—1/2”|D£|71/2||—1/2,—1||Akf||—1,0|w£|—1/2
[¢|<4m t#£k
< et Y e = KPP Akell-10lwel 12 - (168)
W|S4"7475/€

Hence, by an elementary inequality (see, e.g., Lemma A.2 in the Appendix with m := 1) and (168),

HT( )wH (711)/2 — Z e2kank2a|(f(n)w)kﬁl/2
[k|<dn

2
2kank2a< Soje- k|2|Ak61,0|W|1/2)

|k\<4" o] <am 0k
20 )26
ke |6 — K|*¢
< 222 Z e*han 2o Z kilk 4 ||Ak€||210|w€‘ 1/2
k| <dn | <am etk

1
< ety D w2y, Y [0 RPEFE A2,
7 |£\§4” k| <dm kAt

IN

< CPy 72 ?|wl)?

ct 7_25_2||w||3vyi>/2||/\”2 we,

Ea",6+2([‘;115*17£¢;115)

using k < £+ |k — £|, Proposition 4.2 with @ := a, s :== §— 1, @ := a,, 0 := 7 + 2 and taking the
supremum of all the involved constants for n > 1 (recall that all the constants continuously depend on
a=ay.) O
PRrROOF OF LEMMA 5.4 By Lemma 7.2 and the invertibility of UM 2 . W(n)/ —w! 1)/2 is invertible

for € small enough (but independent of n) and ||(Z(™ < ct. So we can define

G .= zm (2~ ~<n>:Wg>HW<n>. (169)

Estimate (102) follows by (162). Recalling that £ = D™ 4 27 . W) w ), we get, by
Lemma 6.3

£mg)  — <D<n>+€zT<n)> (Zm)(E(n))—l Z(n))
Dz (=M™ () 4 2 () (=) Z )

(2 )* U (&N Z0 2z T Z0p) Z) =)y Z0)
= (20" ( U L 2zmp <n>Z<n>)(E(n>)—1Z<n)
= (ZM)TlEmEe) T Z0 Z (Ze) T Z0 Z

w Yi) .

By (169) and (158), it remains to prove that (Z()~ (QIT NNR~) C W NRT. Since (E(")f1

L )
S so(— D)2 (UM 2T ™) 2" (%) we conclude by (100) and (158).

o
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8 Small divisors

The aim of this section is the proof of Lemma 7.1. In particular we will prove that
Ope := 00y < ct ’7_18_1|€ — k‘|2 . (170)

Then Lemma 7.1 follows by (155) and (170).
All the integers of this section are positive. Note that

k
LREN', t£k — T <20—k and T <20-H. (171)
since ' P
NN Et}

Let ¢1 := N + p + 2. In the proof of (170) we distinguish four different cases.

FIRST CASE: ke < ¢; or le < ¢;.

Let ke < ¢;. We have 6, < cty~1/2¢71/2 by (161). If £e < 2¢; (161) implies that 6 < cty~/2e71/2 and
Ske < cty~le L If le > 2¢y, since ke < ¢ < le/2 implies £ < 2|0 — k|, then i < ct yle(r=3)/2¢(r=1)/2
again by (161). The case fe < ¢y is analogous.

From now on we consider ke > ¢; and fe > ¢;.

SECOND CASE: |¢ — k| > min{¢? k”}, where 0 < 3 < 1 will be chosen later in (182).
We claim that
20 — k| > max{¢® K"} . (172)

To fix ideas consider ¢ > k. By hypothesis £ —k > k”. Let us suppose by contradiction that 2(£—k) < £7,
then 2k > 20 — (8 > ¢ and 2(¢ — k) > 2k” > £5, proving (172). Then by (161) and (172) we get

pe < ety teT T 2RTTD/2pr=D/2 < gy LT 2 g — | (T8 (173)

Let jo = jo(¢) be the smallest integer such that min; |fig;| = |fiej, |-

THIRD CASE: 0 < |jo — do|/(4e) < |¢ — k| < min{¢? kP}.
From the Melnikov condition

1—7
) , . ey ve
le — jo — ke +iol = ||€ — k| — |jo — i0|| = — - > ct .
| = [l = k1= bio —ol| 2 e = et /o
We have two cases: ) )
) ye T ye T
|ke —ig| > ct =R >ct B (174)
or ) )
. ye T ye '
le — >ct >ct
|be = Jol = ¢ W—k|TﬁC 8
We will consider only the case (174), the other one being analogous. Then we claim that
1
B<(r-1/r = Zlke—id 2% (175)

(if € is small enough). In particular we show that for every C' > 0, if € is small enough, e”~1k™% <
io/(Cp). Indeed 78 < 1 and by (153) we get €™ 1&77 < ct sT*I’T’BZ‘Sﬁ <'ip/(Cup). By (147) and since
i34 pu—io < p/(2ip) we get (for € small)

1—7

- ) 1 . -
"ukio‘Z|5k—20|_%2§|6k—10\20t Y (176)

[6— k"

24Note that £ > k implies jo > io.
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by (175). By (160), (155), (171) and 7 < 2 we have that

|/1k(N+1)‘ < |7;0 _ 1‘*|/1ki0| — 6k£ < Ct7_1/26(7_3)/2£(7—_1)/2k‘_l/Q < Ct7_1/28(7_3)/2|£ _ kl(r—l)/Q )

(177)
On the other hand, if |fix (1) > |io — 1[|fiki,|, then, by (153), (155) and (176), &), < cty~/2e(7=2)/2
|6 — k|7/2k=1/2 50 that

5k:é ct 77167726(771)/2|€ _ k|7’/2k71/2 <ct 7716772|£ _ k_|7'71/2k'r/271

<
< ct 7—1€T—2|€ _ k|7—1/2—(2—7)/2ﬁ , (178)
by (171) and k > |[¢ — k|'/7.
FOURTH CASE: 0 < |£ — k| < |jo — i0|/(4€) or iy = jo.
If 0 < |6 — k| < |jo —idol/(4e)

- - 1 . . 1

|Fiejo = Ao | = |€e = Aejo — ke + Arig| 2 [Akia = Acjo| = 1€ = kle = 7]jo — ol = 7, (179)
while if ig = jo, by (147) we have

g2 _|t—kle _ e
>t s

|p’5jo - /]’kio‘ = ME - /\Zjo — ke + )‘kiol > |£ - k|5 —ct - = 5=
20 2 2

(180)
We note that (179) is a particular case of (180). By (180) we have two cases:

or (b)  [fe g0l =

RS
M

(@) ikl =

If (a) holds then, recalling (177), we have to consider only the case when |ig — 1||firi,| < |fix(n+1)|- By
(155) and (153) 0y < cte~*k~1/2. By (161), (171) and ke > ¢y,

Spe < et~/ 2e(r=D/2p(r=1/2-1/2 < ct’y_l/25_1|€— E|(T=D/2 (181)

The case in which (b) holds is analogous.

Finally (170) follows by (173), (178) and (181), choosing

B:=(r—1)/2. (182)

9 Measure estimates

In this section we will give an estimate from below of the measure of the set C of admissible frequencies.
We first need the following standard result on the measure of diophantine numbers.

Lemma 9.1. Let

1+6
D= {0<5§ 1/2, st. el —j| > 5jT VOG> 1} ., l<r1<2, (183)
then
5 ((0,e,]N D
i e ((0210D) (184)
e.—0t Ex
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PROOF. Let fyj(e) == e7°0 —e~17% and Dy; := {0 <e <1/2, sit. |fr;(e)] <j~7 =:d;}. Note that
Dy; C [55, 3—%] For € € Dy; we have

/ J o
fej(e) = 25215 = Ctjlﬁ
and
1
. ct
meas(Dy;) < [ o, |fl{j(5)|‘| 2dj < 515 - (185)
201 2¢

Being, by definition of Dyj, Dy N (0,e,] = 0 if £ < j/2e,, one has (0,e,) N D = Uj>1 Upsj/a-, Dej-
Therefore by (185),

o0 oo 1
meas((0,£,) N D) < ct / / s dldj = cte, 0
J

1/2 Jj/4e, J
0
Proposition 9.2. Let A,, as in (104) and C as in (125). Then
CN(0,e,
meas (€N (0,2.)) _ - (186)

g,—0t Ex

PROOF. Let f(e) := e 0k — e 170Q;(e) — &' (M (w™ (€);€)),;- For any 0 < e, < o fixed let us
define A,, := (0,¢,) and

Ay i={e€ A, q, st |fHe)| > Ani™T, Vi> N, k<4"}
where 7, := 1+ 1/2""1. Let also
En=A,\Ap1={c€A,, st. Ji>N, E<4"' with [f(e)] < Anp1i "}. (187)

Recalling Definition 5.3, (101), (104), (183) we have CN(0,&.) 2 (N, A,)ND = (U, E,)°ND. By Lemma
9.1, we get that to prove (186) it is enough to show that

e, 'meas (U, E,) =&, " Zmeas E,—0, when ¢, — 0. (188)

Let us define also F}, :={e >0, s.t. |f(e)] < Ant177 7} We note that

FE, C ng4n+1 Ui>1 (FIZ n (0,8*)) . (189)
We claim that, for £, small,
1 2i4+p
Ey —— . 1
e (o 2500 (190

Indeed i < w; < i+ p (vecall w; = /32 + p) and for e < i/2k or & > (2i + p)/k, |f(e)| > ctie™170.
By (190) it follows that

EF.N(0,e.) =10 if 7> 2e.k (191)
and 1 1
E, = if 2e4"t <1 1 W)= —1 —1. 192
0 if 2e <1, namely n < mng(es) i n2€* (192)
We claim that R
e€A,, k<4" = lf@)] > Ans1i 7, Vi>N. (193)

34



Indeed if i > 2¢.4™ then |f ()| > ctie~17%; then let us consider i < 2¢,4™. Since Mj, = Ay, and
A = e~ Y(DN), by Proposition 2.11, (112) and (106) we get?

IIMk(w(”);E) _Mk(w(n_1)§E)Hg(e‘jvizivg“) < ||A(w(");5) _ A(w(n—l);g)| Looo (407 35ty
< ctelh™], <ctem X 0/8 (194)
Moreover
@) = ft@l = e (Mu(w™;e) = Mi(w"Vse)) |

(194) T
< ct <€*7'+1—26€—)( ap/8 < 2—n—2(28*4n)—r < (ﬁn _ ’?n+1)i_7—,

where we have used that cte,27T1-20an+2+2rynme=x"e0/8 < 1 ¥p (for  small enough), and in the
last inequality we have used that 7, — F41 = 27772 and i < 2¢,4". Since € € A,,, we get |f(e)] >

i @) = €)= fiim ' (e)] = ni™™ — (Gn — Fn+1)i~ 7, proving (193).
By (191) and (193) we can rewrite (189) into

Ep, C Ugncpcanir Uicoe, i (Fi N (0,64)) (195)
Let us evaluate
(fr(@) =270 ((1 + O)wi — (BA™Iw);) + 7170 ((1 + 6)(BlIo); — 0k)
—e7(1 - )(Mk(w(”);e))ii — 51_‘5(DMk(w(");5)[(w("))'] + 8- My, (w™; €)),; - (196)

Noting that DMy, = (DA)kk, 0- My, = (0:A)r and A = e~ DN, by Proposition 2.11, (112), (119) and
(113), the dominant term (in ¢) in (196) is the first one. Since w; — oo and (BA™'w); — 0 when i — oo,
there exists i, > 1 such that w; — (BA™'w); >i/2, Vi > i, and we can chose 0 < § < 7 — 1 such that

|(146)w; — (BAT'w);| >0,  Vi<i,. (197)
By the above considerations, for i < 2¢,k and e small, we get
ct k2Ho;-1-9 if §>4,
min_|(f£())] = (198)
€% ct k2029 it i<i,.
and, therefore,
ct k2041 40— if >,
meas Fy; < (199)
ct k=2794240-T if i<i,.
By (199)
ct cte,2to—T
Z meas (F; N (0,e.)) Z + Z < 127 + e
1<2e.k 1<y 1. <1<2e.k
Recalling (195)
ct cte, 20T
meas B, < Z Z meas (F; N (0,e4)) < ) + =D
k>4 <2,k
Finally
ct cte, 207
Z meas B, < Z <4n(1+5) + =D )
n>no(ex) n>ng(ex)
< et e—no(E*)(l—i-é) In4 +ct 6*2+5—Te—n0(5*)(‘r—1) In4 <ct €*l+6 )
By (192) we get (188). O

250Omitting the explicit dependence on € of w(™ and w1,
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10 Proof of the theorem

By Corollary 5.6 we have that for every ¢ € C (defined in (125) and satisfying (186)) there exists w( )
(2(e), 2(e)) € WTNRT solving (70). By Proposition 3.4 we can define u := (J(w(e);e), ¥ (w(e);e), w(e))
€ HD;LZ gas NS (S defined in (59)) solving (54) with ¢¢ = 0. By (9), (11), (28), (29), (49), (53) (with
¢o = 0) we have a 27 /e—periodic solution of (1)

; \/zqi(t) siniz = 2 \/WT%(zi(t) +7(t)) siniz = . ..

= VEY () o (et sinie + 0

i<N

u(t, )

We have that u(t,x) is real and even in ¢ since ¢;(t) = (z;(t) + 7;(t))//2 are real and even Vi > 1 since
7i(t) = zi(—t) = z(t).

Nothing remains but to prove the estimate on the minimal period. This is the object of the next
subsection.

10.1 Minimal period

Lemma 10.1. Let ¢ > 1. Then there exists T, C RY, with meas(RT\ T) = 0 such that for all p € Y
the vector w,, = (\/1 + p,v4+ u) is diophantine, namely there exists ¢(u) > 0 such that

@, - B > |J?, Vh e 72\ {0} .

PROOF. Fix n > 0. Define, for all ¥ > 0 and h € Z?\ {0},

Y,m n . '_Y
Apn =AY, {u € (0,n] s.b. |@, - h| < |h|<}
and

TV . {MG(On ] s.t. |wu h| |h|<’ VhEZQ\{O}}.

We note that if AZ’:hz # (), then ¢|hy| < |ha| < ¢lhy|, € < 1. Moreover

rr=0n\ |J A" (200)
heZ?\{0}
Let T™ := Uy50Y7"™; we claim that
meas((Om] \T") =0. (201)

Note that meas(A)™) < cty|h|~<~!. In fact, we can write

P10+ ) + P35+ m)|
|ha|vVI+ g+ [he| A+ pl

Hence p € A)"" implies that |f(u)| := |h? — 4h% + u(h? — h3)| < ct7|h|'~<. Moreover, being |f'(1)| =
|h — h3| ~ |h1|? = |h|?, we get meas(A]") < ct7|h|*~*|h|~2 = cty|h|~*~!. Therefore we have that

meas U (A" < Z meas(A)"™) / / Ut h2 =7 dhidhs

hez?\{0} hez2\{0}

|h'wu|:’h1\/l+ﬂ+h2\/4+,u‘=
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e I dwdh T dh ’ 1 d
5 — =7 ——dw =ct7.
'7/1 /E <1+w)g+1h§+1 wang 7/1 hg 1/& (1+’LU)§+1 w ct7y

By (200) meas((0,n] \ T7") = O(¥) and (201) follows. Finally let Y¢ := J,,o, Y™ O

Lemma 10.2. Fiz p < 1/2. There exists T = T(p) C R", with meas(R™\ Y) =0 such that, if p € T,
N > 2 and T™™® s the minimal period of a 2n-periodic orbit of H of the form (53), then T™" > ctel=,.

PROOF. We know that ¢(27) = 27k (recall that ¢ is 27-periodic and odd) with x € Z" defined in
(48). Denoting by Tglin < T™in the minimal period of ¢(t), we have that there exist n € NT such that
nTg‘in = 27 and k € Z" such that (/ﬁ(Tg‘in) = 27k, verifying nk = k. We get that

™" > T =27 /n. (202)

By (48) we have 2mnk = 27k = 27w/e + O(1) . Consider the vector @, := (w1, ws). Then 27wn(ky, ko) =
21w, /e + O(1) and taking h = (hy, hy) = (ka, —k1), we get 0 = 2mn(k1, ko) - h = 2me '@, - h + O(|h|).
For p € T(p) := T%& defined in Lemma 10.1, we have |w,, - h| > ¢(p)|h|~¢, where ¢ := =14+ 1/p > 1,
from which it follows that O(|h|) = |2me 1@, - h| = ct e71|h|7¢ and hence |h|**! > ct /e, namely |h| >
cte/(H1) = cte=P. From (48) we get n = |k||k|™* = |||h|~" < cte?~! and we conclude by (202). O

Remark 10.3. We note that u = 1 belongs to the set T above, since the vector (v/2,/5) is diophantine
for every ¢ > 1.

A Technical lemmata

Here we prove some lemmata enunciated in Section 2.5, to which we refer for notations. We first need
a simple result

Lemma A.1. Suppose that the sequence fi, € E satisfy 3, e2a‘k||k|2"||fk\|E < oo, then the series
Dok fretkt umformly converges on Ty, to a certain f(t). Moreover fe = fu with fi, defined in (39) and,
therefore, f € Hp*

PROOF. The sequence of analytic functions Sk (t) := Z‘ k<K frel®® uniformly converges on T, since

1/2 2
sup [|Sx (t)l|z < Z | fill pe™ < (Dk:”’) (Z ||fk||%e2“'k|z“> <oo  (0>1/2) (A1)
k

teTs k

therefore its limit f(t) is continuous on T, and analytic on T, (recall e.g. Theorem 2 on pg. 137 of
[PT]). O
PROOF OF PROPOSITION 2.5 Let f(t) := 3, frel**. Since f € Hy?, Lemma A.1 implies that f is
analytic on T,. We want to prove that f(t) = f(t), Vt € R. If {e;};en denotes an orthonormal basis of
E, it is enough to show that (f(t),e;)p =: fO(t) = fO(t) := (f(t),e;)r, Vj € N,t € R. For any j € N,
£ is continuous (and L?) and coincides almost everywhere with its Fourier series: f\9)(t) = 3", f,gj ) gikt
a.e. t € R, where f(j) = fo et ) (t)dt. We have fkj) (fr,€ej)p with f; defined in (39). Moreover
FO) = (5 fiese))s = Tl )56 = T feH, Vi & B. Therchore £0/0) = FO1)
t € R. Since both f() and f are continuous, they must coincide. O
PROOF OF PROPOSITION 2.6 Let us show that (f, f)ge.s = 0 implies f = 0; indeed we have fr =0
Vk€Z,and f =0 by (41). We now prove that Hz'? is complete. Let {f™},en a Cauchy sequence in
H7?. Then, Vk € Z, {f;gn)}neN is a Cauchy sequence in E; let fr € E be its limit. It is simple to see
that fi satisfy the hypothesis of Lemma A.1, hence f(t) := ., fre™ € Hy? and f), = fi. Finally f(*)
converges to f in Hp'?. The uniform estimate on f follows by (A.1). O
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Lemma A.2. Let o > 1/2, m € Nt and x, > 0 for every k = (ki,...,km) € Z™. Then

2
(S a) <o ¥ oar, a2)
kezm kezm
where
=i =k — o= kmlolEale - Nkl /lile . with jE€Z, and Bo:=2> |n|;*. (A.3)
neZ
PROOF. Note that o > 1/2 implies By, < co. By the Cauchy—Schwarz inequality we get
2 2
(Sn) = (3 wmstn) = 3 3 oa
kezm kezm kezm kezm
and (A.2) follows if we show that
> wC<BM, with ¢:=20>1. (A.4)
keZ7n
We prove (A.4) by induction over m. We first show (A.4) for m = 1. Using the elementary inequality
(a+b)° <27 a* +b%), a,b>0,¢>1, (A.5)
we get
- 1]« )g (IJ’ — ks« + |k’|*) Sl A Pl i
NS = ( : < i < 2~ =B
2 =2\ ) < 2 U an 2 kERE 5

kEZ keZ
2 S (7 =kl 4 lkmls)

We now suppose (A.4) true for m — 1 and prove it for m. Using (A.5) we have |j]

< 2°7H(|j = kS + |kmlS) and therefore
) i — k| 1
< 9s—1 ( |J m b ) .
kezzm,”’“ kezzm T O R T Sy oy TN 3 PY R M
(A.6)
Let jo := j — k;,, then using (A.4) with m — 1 (inductive hypothesis) we have
|.7 B km‘g
- (A7)
_ _ _ S S ... S
kezZm J kl .. km‘*|k1|* |km‘*
1 ljol* 1 ( _q _
= ' < BI ) =27 By
kz Mm%\, Zk N AL kZ £ L7 <
On the other hand
> :
kczm |j 7k1 *km|>§k‘k1|i|km_1|§<
e T D ey e A S (a9
K|S [homot]s &= 17 — k1 — ... — ks
k1, km—1 K

By (A.6),(A.7),(A.8), we get > cpm Yy, © < 207127 BM + 27 BM™) < B!™.
From now on, we will denote by || - ||op the standard operatorial norm.
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Lemma A.3. Let be L, : E x --- X E(n times) — F a linear and continuous operator. Let be
RV A € HY, with a > 0, 0 > 1/2 and g(t) := L,[hM (t),--- A" (t)]. Then g € H¥ and, in
particular,

n—1
lgll sz < Bag [ Lallopllh™ llge - 12 oo

where Ba, is defined in (A.3) and || Lylop := SUpP |6 | p=1 1<i<n Lo [hD . A ™| e

PROOF. Let h\9)(t) = 3", eikth,(j), j=1,...,n. We have g(t) = L, [Zkl eiklth,ill), e Dk 6ik"th,(£)} =

ii 1 n—1 n . 1 n—1 n
Zj etg; ,Ln[hél), A hénil), h;f)klf.ufkn,l]v with g; = Zkl,‘n,knfl Ln[hél), R h,(gnil)7 hg'f)klf..fkn,l]
and, from the triangular inequality,
1 n—1 n
lgilr < >0 NLaln AR e
ki,.oskn—1
1 n
< NLnllop > I8 NE B - e (A.9)
ki,.oikn—1
For every k = (ki,... k1) € Z"" let us define zy = 2 = [A)||p - [Ihy"~ V2|0, . e
. T t9e N
By (A.9), we get ||gll3ar = 32, €2 V|j127Ng;l1% < ILall3, 325 €211 (Zkezm xﬁf’) :
Using Lemma A.2 with m =n — 1 and zj, = :z:,(cj ) defined above, we get
. . 2
gl < B L2, Do Wi S (7). (A.10)
J kezn—1
Being
o \2 1 oy (1 o (2
S ()’ = g S (kPR 1E) > (ka2 02 1%) - -
kezZn—1 Y k1 ko
R (Y 1l 3 1 A Ay Yt [1 0 [k
n—1|x kn_1 IE J 1 T n—11x j—ki—...—kn_11E»

kn—1

from (A.10) it follows that

n— o 1 o n—1
lgll3ree < 1Lal2B5 D (R 2R 1E) - S (Bna 27U V1)

k1 kn—1
N TRy St 1 RN |3 o]
J
< |Zal3 B, (Z e“"“wknz”nh&)n%) S el Y Tl
k)l kn—l
. ZeQOélj*k?l*u.*knfl”j k== k"—l|3J”h§'@k1—...—kn,1 ”%
J
= Ll Bag IR g - 1R |3
using that e2oll < e2elkil. .. g2ali=hi—=kn] O

Lemma A.4. Let be f : E — F analytic for ||z||g < 7o, f(z) =, Ld"f(0)[x,...,z]. Then

n>ng n!

d™ £(0)|lop < My, (n/r1)" YO < 1y <719, where My, := SUD)| 4[| <1y IIf (@)l F-
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PROOF. Consider the map d"f(0) defined by?%

f(Cihy -|- -+ Cuh™)
|=e C%
Defining € := 71 /n, we have, if ||h||p = 1, for all 1 < i < n, ||[Gthy + ...+ Gh™ g < e(||hllg + ... +
Ikt g) = en = r1 < ro. Therefore ||d" f(0)llop := sup|, | =1 1<i<n [d" FO)[h1, ..., AM]||p < M, /"
= M,, (n/r)". O
Remark A.5. If h,h € HY with L, = d"f(0), then, if gn == d*f(0)[h, ..., h,h], one has g,(t) :=
L, f(0)[R(t), ..., h(t), h(t)], from which it follows that, using Lemma A.3,

d"f(0)[ha,. .., h

d¢y - --d¢p, .

Cll—é

n—1
lgnll e < nBog I1d™ £(0)llop 1 llae I Allrrg

PROOF OF PROPOSITION 2.7 Let us take 0 < rq < rg such that M := sup <, [[f(z)|Fr < cc. For
h € Hy?, by Lemma A.3 with L, := d" f(0),

1 Wlage = || 3 S a @, i age < 3 IO Bl
n>n0 n>n0
L oo™ n 1, omsin™\
>Z En BQJ ||d f(O)Hop”h”HgU S M >Z ETL BZU T{’ ||h||ngg’
n>no n>no

n—1 1/n
where, in the last inequality, we used Lemma A.4. Then we take 1/¢(0) := 2max,>1 (n"BQU2 n”/n!)
and 1 := ¢(o)ry.
Now, let us prove that f, is continuously differentiable. We have Df, : Hp” — L(Hz?, Hp”). Noting
that f': E — L(E, F), one has Df,(h) = f’oh, namely for every h € H*, (Dfu(h ))[ | € Hp?, is de-

fined by ((Df.(r)[A])(t) = ('(h ()))[h( ). We have (f’(a:))[fc] = znznmnd"f( [, .., z,&] and

hence, using the symmetry of d” f(0), (f'(z))|Z] f(:n+si) D o 1), arf0)x,...,x, 7.
Denoting g, (t) := d" f(0)[h(t), . (L‘)7 h(t)], we obtaln that Df.(h) is bounded, indeed
- 1
D1l gz ooy = swo LB = s || Y |
(He™He™) IFll .o =1 HET fillggr=1 | sy (07 D
n—1
n’By2
< sup (721)|”dnf(O)HOthHH““HhHH“"
”hHHg”:anng '
By o [l \»
< 20 oY "Zla < E
< 2 G Gy) g se 3 (T
n>ngo n>ng—1

where we used Lemma A.4 for 0 < r < ry sufficiently small and Remark A.5. The proof that Df, is
continuous is similar and we omit it. O

Lemma A.6. Let us suppose that Ly, € L(E,F), with k,{ € Z, satisfy C := sup, 3, e*** |k —
UM Lkell7 g,y < 00, then it is well defined L € L(Hy, Hp) by

VfeHY, (LIA) () =D ™Y " Lglfi) € HR?, (A.11)
k 14

with f; defined in (39). Moreover Lo = Ly defined in (42); hence L € L>?(E, F).

26Gee [PT] pg. 136, 137.
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PROOF. For every k € Z, {Z\fKn ikg[fg]} N is a Cauchy sequence in F. Let us denote its limit by
Jr ==, Lielfe] € F. To see that L[f] € Hp'?, we apply Lemma A.1 (with E = F'). Indeed f}, satisfy

~ ~ 2
> e k2| ful < Zem"“wkﬁf'(z | Lseleq,r el )
k

ke — 62‘752‘7
<t e Mg D WPl < et C e <00, (A1

where we have used Lemma A.2 with m = 1. It is obvious that L is linear in f. Then L is a linear
operator from Hy'? to Hy'”; we now show that it is continuous:

1Ll euge ey == sup [|L[a]|fae < sup Y MR flF <ct O <oo,  (A13)

lzll o =1 ol e =1,

using (A.12). For every = € E we have L[e‘*z] = 3 e L,[z], where the series converges in H&7;
since, by Proposition 2.6, this last series uniformly converges, we get Ly¢[x] = fo% e RS et L) dt
=>. an[:c]fo% eln=Rtgy — Ek-g[l']. Since Lyy = Ly, we have that L € LY (EF). O

PROOF OF PROPOSITION 2.10. By Lemma A.6, it is well defined L € £L*7(E, F) by (i[f])(t) D=

S ¥ S Liglfe] . V f € Hiy. We want to prove that L = L. Recalling (41), it is enough to show that

for every f € Hy? and k € Z, we have (i[f])k = (L[f]),- We get (L[f]), = (fwe_ikt(L[f])(t) dt =

:,COQ” e—ikt ], [Ze ei“fz} =75, 027r ekt [eiﬁfg} dt =", Lie[fe] =: (z[f])k, where in the third equality
we have exchanged the summation with the integral since ), L[ew’5 fe] uniformly converges on [0, 27].
Indeed by the Cauchy—Schwarz inequality

sup || L[e fo]llr = IIL fllle < |ILl| zoo,my Y I felle < ctlILl goo g, m) |1 fll oo < o0
[0,27] F

¢ t€l0,2m 4

> sup L[ fi]llr

o t€[0,27]

SILLf e < I Lllzomm Y I fellm
£ L

| Ll goe 1) 1 fl rge < 00

IN

O

PROOF OF PROPOSITION 2.11. For brevity we set || - || := || - | coco (2, ) and || - || := || - | (5, ). We first
prove that ||L|| = 0 implies L = 0. Indeed we have Ly, = 0 for every k¢ € Z and, by (44), we get L = 0.
We now show the triangular inequality. Let L), L(2) be linear operators of £ (E,F). Then

alk— o 1 2 1 2
IZO + L@ < sup 30— o2 (L2 + 124717 + 2012871 12471
k

IA

2
ILOP + IO + 2ALOPZ ) = (IO + 122])

where in the last inequality we have used the Cauchy-Schwarz inequality. Let us show that L% (E, F)
endowed with the norm | - || is complete. Let be L(™ a Cauchy sequence, namely for all € > 0 there
exists N > 0 such that, for all m > n > N, it results that [[L(") — L0™)|| < e. Tt follows that for
all k¢, L,(;f) is a Cauchy sequence in L(FE, F); then L,(;) — Lyy for a suitable Ly, € L(E,F). We
want to show that Ly, satisfy the hypothesis of Lemma A.6. Indeed for every M, My > 0 we get
sy sy Sipens, €k — 27 L — LG ? < JLOY — LUW)? < & taking the limit for m — oo,
and then the sup on M7 and M, we obtain

sup Y WAk — 27| L) - Li|]* < & (A.14)
T
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and sup, 3, €2k — £127||Ly,||? < 262 + 2||L™)|| < oo. Therefore by Lemma A.6, we can define
L€ LY (E,F) as in (A.11). By (A.14), L") — L in £L*°(E, F).

The estimate || || z(gaw gaoy < ¢ | gow (5 r) follows by (A.13). Finally, for x € E, let f(t) := L[e ikt 2]
f* € Hp? and Lig[z ] fk by (42). Since

|Linlallp < e MR e < e MIRIZILI g mpolle el mye < Ll crge,mzelelE,

taking the supremum for || = 1 we get the final estimate. O

PROOF OF PROPOSITION 2.12 We know that L := L® o L() € L(HE, HS?). Consider L) € L(E, F)
and L,(j,) € L(F,G) defined in (42); we claim that

=Y L oLl) € L(E,G). (A.15)
n
Indeed by definition,
27
VeeFE, Li[z] = /[ e R[] dt (A.16)
0

and it is simple to see that

el Zzelmt(L@ oL(1)>[ ], (A.17)

using the representation formula (44) for L(Y) and L(?). Since, by the Cauchy-Schwarz inequality, we
get

X s e (et o )], = S (0 )]

<Nelle Y ML e@r YL cme < 12NEI L0 cow 5, ILP | 2o (ma)

the two—dimensional series in (A.17) uniformly converges and can be exchanged with the integral in

(A.16), proving (A.15). Finally let cppe := HL HL (F.Q) HL HaE ")

1o mcy = sup D eI =kl 2 Lol \w &)

< supz e2alt—k| (Z |6 — k|§cnk4>

T -

2

< supz e2alt=kl <Z 201 (|k —nl] +n— gﬁ)%u)

¢

k n
2

< 9201 supz e?elH ((Z |k —nlZ anf) (Z I~ gﬁc””) )
< By, supZeQaM kI Z [k —n|27|n — €27 ¢y

< By LA iy 5= 2
< Boo||[LW| g,y | L2 || oo (r6) »

where Ba, was defined in (A.3) and we have used (A.5) in the second inequality and the Cauchy—Schwarz
inequality in the fourth inequality. O
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