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Abstract It is shown that the optimum of an integer program in fixed disien, which

is defined by a fixed number of constraints, can be computdd®#) basic arithmetic
operations, whers is the binary encoding length of the input. This improves loa t
guadratic running time of previous algorithms which areelgaen Lenstra’s algorithm
and binary search.

It follows that an integer program in fixed dimension, whishdefined bym constraints,
each of binary encoding length at mastcan be solved with an expected number of
O(m+log(m) s) arithmetic operations using Clarkson’s random sampliggrithm.

1 Introduction

An integer programis a problem of the following kind. Given an integral matfxc
Z™" and integral vectorb € Z™M, d € Z", determine

max{d" x| Ax< b, x € Z"}. (1)

It is well known [6] that integer programming is NP-completde situation changes,
if the number of variables or ttdimensioris fixed. For this case, Lenstra [13] showed
that (1) can be solved in polynomial time. Lenstra’s algornitdoes not solve the inte-
ger programming problem directly. Instead, it is an aldwnitfor theinteger feasibility
problem Here, the task is to find an integer point which satisfieshal donstraints,
or to assure thadx < b is integer infeasible. IAx < b consists oin constraints, each
of binary encoding lengtld(s), then Lenstra’s algorithm requir€{m-+-s) arithmetic
operations on rational numbers of si@¢s). The actual integer programming prob-
lem (1) can then be solved viginary search It is known [15, p. 239] that, if there
exists an optimal solution, then there exists one with lyieacoding lengti©(s). Con-
sequently, the integer programming problem can be solved®im s+ s?) arithmetic
operations orO(s)-bit numbers. Lenstra’s algorithm was subsequently imgdd®, 1]
by reducing the dependence of the complexity on the dimansiddowever, these
improvements do not affect the asymptotic complexity of ititeger programming
problem in fixed dimension. Unless explicitely stated, wanfrnow-on assume that
the dimensiom is fixed.

Clarkson [2] presented a random sampling algorithm to redibe dependence of
the complexity on the number of constraifhtslis result is the following. An integer
program which is defined by constraints can be solved wi(m) basic operations
andO(logm) calls to an algorithm which solves an integer program defined fixed
size subset of the constraints, see also [7].

1 Clarkson claims a complexity db(m+ log(m)s) because he mistakenly relied on algorithms from
the literature [13,9,5] for the integer programming probhith a fixed number of constraints, which
actually only solve thénteger feasibility problem



In light of these results, we are motivated to find a fasteorélgm for the integer
programming problem in fixed dimension with a fixed number ofstraints. It is
known [4] that the 2-dimensional integer programming peabwith a fixed number
of constraints can be solved in linear time. We generalizetthany fixed dimension.

Theorem 1. An integer program of binary encoding length s in fixed din@mswvhich
is defined by a fixed number of constraints, can be solved wihaithmetic opera-
tions on rational numbers of binary encoding lengtfsP

With Clarkson’s result, Theorem 1 implies that an integexgpam which is defined
by m constraints, each of binary encoding leng@lts) can be solved with an expected
number ofO(m+log(m)s) arithmetic operations on rational numbers of binary en-
coding lengthO(s). Our result was also motivated by the following fact. Theadgst
common divisor of two integers can be formulated as an imtpgegram in fixed di-
mension with a fixed humber of constraints, see, e.g., [11}}. @©sult matches the
complexity of the integer programming approach to the gatl thie complexity of the
Euclidean algorithm.

Outline of our method As in Lenstra’s algorithm, we make use of the lattice width
concept. LeK C R" be a full-dimensional convex body. Thadth of K along a direc-
tion c € R" is the quantitywe(K) = max{c"x | x € K} —min{c"x | x € K}. Thewidth

of K, w(K), is the minimum of its widths along nonzero integral vecioesZ"\ {0}.

If K does not include any lattice points, thEnmust be “flat”. This fact is known as
Khinchin’s flathess theorertsee [10]).

Theorem 2 (Flatness theorem)There exists a constang dlepending only on the di-
mension n, such that each full-dimensional convex body, containing no integer
points has width at most, f

This fact is exploited in Lenstra’s algorithm [13,8] for timteger feasibility prob-
lem as follows. If one has to decide, whether a full-dimenaigolyhedronP is in-
teger feasible or not, one computedlat direction of P, which is an integral vector
c € Z"\ {0} such thaw(P) < w¢(P) < yw(P) holds for some constant depending
on the dimension. Ifv:(P) is larger thany f,, thenP must contain integer points by
the flatness theorem. Otherwise, an integer poirR ofust lie in one of the constant
number of(n— 1)-dimensional polyhedra

PN (c"x=d), whered € ZN [min{c"x | x € P},max{c'x | x € P}].

In this way one can reduce the integer feasibility problemiimensionn to a constant
number of integer feasibility problems in dimensioa 1.

Our approach is to let the objective function slide into tlodypedron until the
with of the truncated polyhedroR; = PN (d"x > m) is sandwiched betweefy, + 1
andy(f,+1). In this way, we assure that the optimum to the integer prograg
problem lies in the truncatioR; which is still flat along some integer vectarthereby
reducing theinteger programming problemover ann-dimensional polyhedron to a
constant number afteger programming problenwver the(n— 1)-dimensional poly-
hedra

P:N (c"x= &), whered € ZN[min{c"x | x € Py)},max{c’x | x € P}].



The problem of determining the correct parametes referred to as thapproximate
parametric lattice width problemThe 2-dimensional integer programming algorithm
of Eisenbrand and Rote [3] makes already use of this contrefitis paper we gener-
alize this approach to any dimension.

1.1 Notation

A polyhedron Hs a set of the fornf® = {x € R" | Ax< b}, for some matrixA € R™"
and some vectob € R™. The polyhedron isational if both A andb can be chosen
to be rational. IfP is bounded, thel® is called apolytope Thedimensionof P is the
dimension of the affine hull oP. The polyhedrorP C R" is full-dimensional if its
dimension isn. An inequalityc™x < & defines dace F= {xc P |c'x= &} of P, if
& > max{c™x|x € P}. If F # 0 is a face of dimension 0, thdhis called avertexof
P. A simplexis full-dimensional polytope C R" with n+ 1 vertices. We refer to [14]
and [15] for further basics of polyhedral theory.

The sizeof an integerz is the number sizg) = 1+ [log,(|z| +1)]. The size of a
rational is the sum of the sizes of its numerator and dendinakewise, the size of a
matrixA € Z™"is the number of bits needed to encddeé.e., siz¢A) =5 ; sizg(q; ),
see [15, p. 29]. If a polyhedroR is given asP(A,b), then we denote sizA) + sizeb)
by siz€P). A polytope can be represented by a set of constraints, dsawély the
set of its vertices. In this paper we concentrate on polyd@udfixed dimension with
a fixed number of constraints. In this case, if a rational fogg is given by a set of
constraintsAx < b of sizes, then the vertex representation céwy,...,v} can be
computed in constant time and the vertex representatiosir@®(s). The same holds
vice versa.

A rationallattice in R" is a set of the form\ = {Ax| x € Z"}, whereA € Q™" is
a nonsingular matrix. This matrix iskasisof A and we say thall is generated b
and we also write\ (A) to denote a lattice generated by a ma#ixA shortest vector
of A is a nonzero member# v € A of the lattice with minimal euclidean norfiv||.
We denote the length of a shortest vector by(8Y.

2 Proof of Theorem 1

Suppose we are given an integer program (1) in fixed dimensitna fixed num-
ber of constraints of binary encoding lengiht is very well known that one can as-
sume without loss of generality that the polyhedka {x € R" | Ax< b} is bounded
and full-dimensional and that the objective is to find angetevector with maximal
first component. A transformation to suclstandard form problencan essentially be
done with a constant number of Hermite-Normal-Form contpria and linear pro-
gramming. Since the number of constraints is fixed, this bas be done witlO(s)
arithmetic operations on rational numbers of S¥@).

Furthermore, we can assume tRat atwo-layer simplexz. A two-layer simplex
is a simplex, whose vertices can be partitioned into two geamdW, such that the
first components of the elementsVhandW agree, i.e., for aliv;,v, € V one has
v1(1) = v(1) and for allwy, w, € W one hasvi (1) = ws(1). An integer program over
P can be reduced to the disjunction of integer programs ovetlayer simplices as
follows. First, compute the list of the first components ..., a, of the vertices oP



in decreasing order. The optimal solution of IP offeis the largest optimal solution
of IP over polytopes

P =PN(x(1) <a)N(X(1) = aisa),i=1,....0— 1. @)

Carathéodory’s theorem, see [15, p. 94], implies that éhéh covered by the two-
layer simplices, which are spanned by the verticd3.dfhus we assume that an integer
program has the following form.

Problem 1 (IP)Given an integral matriyA € Z"1*" and an integral vectds € Z"*
which define a two-layer simpleX = {x € R" | Ax< b}, determine

max{x(1) | xe PNZ"}. (3)

Thesizeof an IP is the sum of the sizes Afandb.

Our main theorem is proved by induction on the dimension. Yskthat it holds
forn= 12 [4,17]. The induction step is by a series of reductionswhbich we now
give an overview.

(Step 1) We reduce IP over a two-layer simpExo the problem of determining a
parameterr, such that the width of the truncated simplEx) (x(1) > m)
is sandwiched betweefy +1 and(f,+ 1) - y, wherey is a constant which
depends on the dimension only. This problem isdapproximate parametric
lattice widthproblem.

(Step 2) We reduce the approximate parametric lattice widbblem to amapproxi-
mate parametric shortest vector problehtere one is given a lattice bads
and parametefd andk. The task is to find a parametpisuch that the length
of the shortest vector of the lattice generatggk is sandwiched betweedn
andy U, wherey is a constant which depends on the dimension only. Here
Ap k denotes the matrix, which evolves frolby scaling the firsk rows with
p.

(Step 3) We show that an approximate parametric shortesorvgcoblem can be
solved in linear time with a sequence of calls to the LLL-aiton.

The linear complexity of the parametric shortest vectobfem carries over to the
integer programming problem with a fixed number of constsaifiwe can ensure the
following conditions for each reduction step.

(C-1) A problem of sizesis reduced to a constant number of problems of €izs).
(C-2) The size of the rational numbers which are manipulatetihe course of the
reduction of a problem of sizg do not grow beyon@(s).

At the end of each reduction step, we clarify that the coodgi(C-1) and (C-2) are
fulfilled.
2.1 Reduction to the parametric lattice width problem

Theparametric lattice width problerfor a two-layer simplex is defined as follows.



Problem 2 (PLW)Given a two-layer simplex C R" and some € N, find a param-
eterrt such that the width of the truncated simplEx= >N (x(1) > m) satisfies

K < w(Zp) < 2MD/242. [ /] K, (4)

or assert thaw(X) < 2MD/2+2. 7 /n] -K.

Let us motivate this concept. Denote the constdft?2+2.[,/n| by y. Run an
algorithm for PLW on input> and f, + 1. If this returns a parameter such that
fn+1<wW(Zy) < y(fn+1), then the optimum solution of the IP ovEmust be in the
truncated simplex ;. This follows from the fact that we are searching an integentp
with maximal first component, and that the truncated polgtbps to contain integer
points by the flatness theorem. On the other hand, this tinca;; is flat along some
integer vectoc. Thus the optimum of IP is the largest optimum of the constantber
of then — 1-dimensional integer programs

max{x(1) | xe (ZzN(c"x=a))NZ"}, (5)

wherea € ZN[min{c"x | x € =}, max{c"x | x € Z;}]. This means that we have
reduced the integer programming problem over a two-layepkx in dimensiom to
a constant number of integer programming problems in difoans— 1 with a fixed
number of constraints.

If the algorithm for PLW asserts that2) < yK, thenZ itself is already flat along
an integral directiore. Similarly in this case, the optimization problem can beucsti
to a constant number of optimization problems in lower digi@m

Analysis If the size of> andK is at mostsand PLW can be solved i0(s) steps with
rational numbers of siz&(s), then the parameter which is returned has siz8(s).

A flat direction of%;; can be computed wit®(s) arithmetic operations on rationals of
sizeO(s). In fact, a flat direction is a by-product of our algorithm fbe approximate
parametric shortest vector problem below. It follows thegt tonstant number of—
1-dimensional IP’s (5) have siz®(s). These can then be transformed into IP’s in
standard form witm— 1 variables and a constant number of constraint§)(s) steps.
Consequently we have the following lemma.

Lemma 1. Suppose that PLW for a two-layer simpExnd parameter K witsize(X) +
sizg K) = s can be solved with ) operations on rational numbers of siz¢<] then
IP over X can also be solved with (8) operations with rational numbers of sizg £D.

2.2 Reduction to the approximate parametric shortest vectoproblem

In this section we show how to reduce PLW for a two-layer ser@ = convV UW)
and parameteK to anapproximate parametric shortest vecfamoblem. The width of
a polyhedron is invariant under translation. Thus we canrassthat 0= V and that
the first component of the vertices\ivl is negative.

Before we formally describe our approach, let us explainidea with the help
of Figure 1. Here we have a two-layer simpl&xin 3-space. The sa&f consists of
the points 0 and; andW consists ofw; andw,. The picture on the left describes a
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Figure 1. Solving PLW.

particular point in time, where the objective function dido >. So we consider the
truncationz,; = 2 N (x(1) > m) for somerr > wy(1). This truncation is the convex hull
of the points

0>Vlal-llel-lW2>(l_l-l)vl+l-lwlv(l_ “)V1+“W27 (6)

whereu = 11/w;(1). Now consider the simpleXy ,w, which is spanned by the points
0,v1, uwy, Uwo. This simplex is depicted on the right in Figure 1. If this plex is
scaled by 2, then it contains the truncatidp. This is easy to see, since the scaled
simplex contains the pointg2— u)vy, 2uw; and 2uw,. So we have the condition
Zvuw € 2 € 25y uw. From this we can infer the important observation

W(Zv,uw) < W(Zr) < 2W(2y uw). (7)

This means that we can solve PLW fbr if we can determine @ > 0, such that the
width of the simplex2y ;,w is sandwiched betweelt and(y/2) K, wherey denotes
the constant @+1/2+2. [, /n]. We now generalize this observation with the following
lemma. A proof is straightforward.

Lemma 2. LetX = convV UW) C R" be a two-layer simplex, whefiee V, w(1) <0
for allw € W and letrtbe a number witl® > 1> w(1), w e W. The truncated simplex
Zp=2N(x(1) > mn) is contained in the simplek >y ,w, where 2y ,w = conv(V U
HW), whereu = mi/w(1), w € W. Furthermore, the following relation holds true

W(Zv,uw) < W(Zr) < 2W(Zv,pw)- (8)

Before we inspect the with dfy ,w, let us introduce some notation. We define for
ann x n-matrix A, the matrixA , as

p-AG, ), ifi<k,
Al ), otherwise

Auk(i, ) = { (9)

In other words, the matriR, x results fromA by scaling the firsk rows with pi.



Suppose tha¥/ = {0,v1,...,Vh_k} andW = {wy,...,wy}. Let A € R™" be the
matrix, whose rows are the vectawg, ..., wJ,v],...,v!_, in this order. The width of
2vuw along the vectoc can be bounded as

1AL KClleo < We(2v pw) < 21| Ay k|, (10)
and consequently as
(L/vN) [ Aukell < We(2vuw) < 2[|Ay kel (11)

The width of 2y ;,w is the minimum width along a nonzero vectoe Z" — {0}. Thus
we can solve PLW for a two-layer simplex with paraméfeif we can determine a
parametep € Q- with

[V]-K < SVIA(AuK) < y/4-K. (12)
By substitutingd = [/n] - K this reads as follows. Determinguec Q- such that
U < SV(A(ALx)) < 2MD/2.y, (13)

If such ap > 0 exists, we distinguish two cases. In the first case one kag!G< 1.
Thenm=w(1) - u is a solution to PLW. In the second case, one has 1 and it
follows thatw(X) < yK. If such au € Q- does not exist, then SYA (A, x)) < U for
eachu > 0. Also then we assert thet(>) < yK.

Thus we can solve PLW for a two-layer simpléx= conv(V UW) with an al-
gorithm which solves thapproximate parametric shortest vector problewhich is
defined as follows: Given a nonsingular matfxe Q"™", an integer < k < n, and
someU € N, find a parametep € Q- such that) < SV(A(Apk)) < 2MY/2.U or
assert that SWA (Apk)) < 20M1/2.U for all p € Q..

We argue now that we can assume t#a an integral matrix and that 1 is a lower
bound on the parametgrwe are looking for. Clearly we can scale the matixand
U with the product of the denominators of the componenté.dh this way we can
already assume thatis integral. IfAis integral, ther(| detA)|,0,...,0) is an element
of A(A). This implies that we can bourifrom below by ¥/|det(A)|. Thus by scaling
U and the lash — k rows of A with |det(A)|, we can assume that> 1. Therefore we
formulate the approximate parametric shortest vectorlprolin its integral version.

Problem 3 (PSV)Given a nonsingular matrid € Z"™", an integer 1< k < n, and
someU € N, find a parametep € Q1 such thall < SV(A(Apk)) < 2MD/2.U or
assert that SWA (Apk)) < 2"D/2.U for all p € Q> or assert that SV (A)) >U.

By virtue of our reduction to the integral problem, the assarSV(A(A)) > U can
never be met in our case. Itis only a technicality for the dpSon and analysis of our
algorithm below.

Analysis The conditions (C-1) and (C-2) are straightforward sineeliimary encod-
ing lengths of the determinant and the products of the demaimis are linear in the
encoding length of the input in fixed dimension.

Lemma 3. Suppose that a PSV of size s can be solved with &ithmetic operations
on rational numbers of size ©), then a PLW of size s for a two-layer simpExand
parameter K can also be solved witl{€) arithmetic operations on rational numbers
of size gs).



2.3 Solving the approximate parametric shortest vector prolem

In the following, we do not treat the dimension as a constant.

The LLL algorithm

First, we briefly review thd_LL-algorithm for lattice-basis reduction [12]. We refer
the reader to the book of Grotschel, Lovasz and Schrijveo{8fon zur Gathen and
Gerhard [16] for a more detailed account.

Intuitively, a lattice basis is reduced, if it is “almost lnogonal”. Reduction algo-
rithms apply unimodular transformations of a lattice bdisasn the right, to obtain a
basis whose vectors are more and more orthogonal.

The Gram-Schmidt orthogonalizatiofb;, . .., b};) of a basigby, ..., b,) of R" sat-
isfies j

b = ibfj=1,....n, 14
j i;u,. s ] (14)

where eactu;j; = 1. A lattice basisB € Z"™" is LLL-reduced if the following condi-
tions hold for its Gram-Schmidt orthogonalization.

(i) ;] <1/2,forevery I<i<j<n,
(ii) [Ib%, 1+ Hjai bl = 3/41|6}]%, for j=1,...,n—1.

The LLL-algorithm iterativelynormalizesthe basis, which means that the basis
is unimodularly transformed into a basis which meets caoli{i), and swapstwo
columns if these violate condition (ii). These two stepsrapeated until the basis is
LLL-reduced. The first column of an LLL-reduced basis is'& ®/2-factor approxi-
mation to the shortest vector of the lattice.

Algorithm 1 LLL
Input:  Lattice basisA € Z"™".
Output: Lattice basisB € Z™" with A (A) = A(B) and
oy || < 2-D/2SV(A(A)).

1) B—A

2) Compute GSCD)’J»*, uji of B as in equation (14).

) repeat

4) foreachj=1,...,n

(5) foreachi=1,...,j—1

(6) bj — bj — ki Jby

) if There is a subscriptwhich violates condition (ii)
(8) Swap column®; andbj; of B

9) Update GSQ)’J-*, Miji

(20) until Bis LLL-reduced
(1)) return B

The key to the termination argument of the LLL-algorithmhe following poten-
tial function @(B) of a lattice basi® € Z"™":

@(B) = |[bp|I*"|[b3]| %" - ||bg 1% (15)



The potential of an integral lattice basis is always an ietegurthermore, iB; and
B, are two subsequent bases at the end of the repeat-loop afithlgdl, then

0(B2) < S 0(By). (16)

The potential of the inpuh can be bounded by(A) < ([lag| - - [|an||)?". The number

of iterations can thus be bounded ®yn(log||ai|| + ...+ ||an]|)). Step (2) is executed
only once and cost®(n®) operations. The number of operations performed in one
iteration of the repeat-loop can be boundeddgy®). The rational numbers during the
course of the algorithm have polynomial binary encodingiienThis implies that the
LLL-algorithm has polynomial complexity.

Theorem 3 (Lenstra, Lenstra and Lovasz).Let Ac Z"™" be a lattice basis and
let Ay be the number A= max{||a;|| | j = 1,...,n}. The LLL-algorithm performs
O(n*logAy) arithmetic operations on rational numbers, whose binargagting length

is O(nlogAy).

An algorithm for PSV

Suppose we want to solve PSV on input Z"™",U € N and 1< k < n. The following
approach is very natural. We use the LLL-algorithm to cora@gproximate shortest
vectors of the latticed\ (Apk) for parameterg = 2/'°9V1=1 with increasing, until the
approximation of the shortest vector, returned by the Lidgeethm for A (Apk) is at
most 2"-1/2.U.

Before this is done, we try to assert that @\Apk)) < 2"/2.U holds for all
p € Q=1. This is the case if and only if the sub-lattigé of A, which is defined by
N ={veA|v(1l) =...=v(k) = 0} contains already a nonzero vector of at most this
length. A basid’ of A’ can be read off the Hermite-Normal-FormAfThe first step
of the algorithm checks whether the LLL-approximation aof ghortest vector of\’
has length at most®1/2.U. If this is not the case, then there must bp & 1 such
that SMA (Apk)) > U.

Algorithm 2 Iterated LLL
Input: Lattice basisA € Z™", parameterg, U e N, 1< k< n.
1) Compute basiB’ of A/, B’ — LLL(B')
@) if [0/ <2V/2.u

(3) return SV(A(Apxk)) < 20MY/2.U for all pe Q51
@ pe2Ml B Ay

(5) repeat

(6) if p=1

@) return SV(A) >U

(®) B—Biok

9) p—p/2

(10) B« LLL (B)

(11)  until by < 2-D/2.y
(12) return 2p




As the algorithm enters the repeat-loop, we can then be batette length of the
shortest vector of\ (B) is at leastJ. In the first iteration, this is ensured by the choice
of the initial p and the fact that the length of the shortest vectak’a at leastJ. In the
following iterations, this follows, since the shortest teef A (B) has length at least
|by||/2("-1/2 > U. Consider now the iteration where the conditjin || < 2("™1/2.U
is met. If we scale the fird¢ components ob; by 2, we obtain a vectdy € A(Azpk).
The length of satisfies|b/|| < 2-||by|| < 2(™Y/2.U. On the other hand, we argued
above that SVAzpk) > U. Last, if the condition in step (6) is satisfied, then we can
assure that SM\(A)) > U. This implies the correctness of the algorithm.

Analysis Let B B® ... B® be the values oB in the course of the algorithm at
the beginning of the repeat-loop (step (5)) and consider demsecutive baseB®)
andB(k+1) of this sequence. Step (8) decreases the potentBibfThus by (16), we
conclude that the numbérof iterations performed by the LLL-algorithm in step (10)
satisfies
AR (k1)

(3) o8%) = gk, a7)
From this we conclude that the overall amount of iteratitmeugh the repeat-loop of
the calls to the LLL-algorithm in step (10) can be bounded by

O(logp(B'?)) = O(log p(Ay ))- (18)

The potentialp(Ay x) can be bounded bg(Ay k) < U2"(||ay| --- [|lan]|)?". As in the
analysis of the LLL-algorithm, lefs be the numbeR, = max{||a;| |i =1,...,n}.
The overall number of iterations through the repeat-loofhefLLL-algorithm can be
bounded by

O(n?(logU + logAy)). (19)

Each iteration perform®(n?) operations. As far as the binary encoding length of the
numbers is concerned, we can directly apply Theorem 3 tdrotita next result.

Theorem 4. Let Ae Z™" be a lattice basis, Ut N and 1 < k < n be positive inte-
gers. Furthermore let A= max{||a;|| | j = 1,...,n}. The parametric shortest vector
problem for A, U and k can be solved with®(logU + logAo)) basic arithmetic
operations with rational numbers of binary encoding len@im(logAg + logU)).

This shows that the complexity &SV in fixed dimensiom is linear in the input
size and operates on rationals whose size is also lineae impiut. This concludes the
proof of Theorem 1. O

As a consequence, we obtain the following result using Gtamls [2] random
sampling algorithm.

Theorem 5. An integer program(1) in fixed dimension n, where the objective vector
and each of the m constraints of &xb have binary encoding length at most s, can be
solved with an expected amount ofr®+ log(m) s) arithmetic operations on rational
numbers of size 3).
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