
INTRODUCTION TO REALIZABILITY OF MODULESOVER TATE COHOMOLOGYDAVID BENSON, HENNING KRAUSE, AND STEFAN SCHWEDEAbstra
t. This paper is a 
ompanion to our paper, \Realizability ofmodules over Tate 
ohomology," in whi
h we des
ribed an obstru
tiontheory whi
h applies in a number of 
ontexts. This 
ompanion paperrestri
ts attention to Tate 
ohomology, and gives 
onstru
tions and proofswithin that framework. A spe
ial 
ase of our main theorem is as follows.Let k be a �eld and letG be a �nite group. There is a 
anoni
al element inthe Ho
hs
hild 
ohomology of the Tate 
ohomology 
 2 HH3;�1Ĥ�(G; k)with the following property. Given a graded Ĥ�(G; k)-module X, theimage of 
 in Ext3;�1Ĥ�(G;k)(X;X) vanishes if and only if X is isomorphi
 toa dire
t summand of Ĥ�(G;M) for some kG-moduleM . If X is realizablein this way, then the essentially di�erent ways of realizing it form an aÆnespa
e whose asso
iated ve
tor spa
e is Ext2;�1Ĥ�(G;k)(X;X).
1. Introdu
tionThis paper is a 
ompanion to our paper [2℄, in whi
h we introdu
ed anobstru
tion theory whi
h applies in a number of di�erent 
ontexts.Our investigation began with a study of the following question. Let k be a�eld and let G be a �nite group. Given a graded module X over the Tate 
o-homology ring Ĥ�(G; k), how do we de
ide whether there exists a kG-moduleM su
h that Ĥ�(G;M) �= X? We des
ribed an element 
 2 HH3;�1Ĥ�(G; k)with the property that its image �
 2 Ext3;�1Ĥ�(G;k)(X;X) is zero if and only if Xis a dire
t summand of some module of the form Ĥ�(G;M). The element 
in some sense en
odes all possible information about Massey triple produ
tsof elements of Tate 
ohomology.The theory was then generalized to various other 
ontexts, in
luding mod-ules over the 
ohomology of a di�erential graded algebra, and a general ob-stru
tion theory in the 
ontext of triangulated 
ategories. Unfortunately, inthe pro
ess of generalization, it be
ame hard for someone only interested inthe 
ase of Tate 
ohomology to extra
t from that paper a short, self 
on-tained version of the obstru
tion theory in that 
ontext. The purpose of thispaper is to give the motivation, a des
ription of the obstru
tion, and theproof of the theorem purely in the 
ontext of Tate 
ohomology, without anyextra baggage. The main theorem of this paper is the following. The 
aseThe �rst author is partly supported by a grant from the NSF.1



2 DAVID BENSON, HENNING KRAUSE, AND STEFAN SCHWEDEwhere N = k is the situation des
ribed above. We refer the reader to [2℄ forgeneralizations and further 
omments.Theorem 1.1. Let k be a �eld and let G be a �nite group. Let N be a �nitedimensional kG-module, and write E =dExt�kG(N;N) for the Tate Ext algebraof N , regarded as a graded k-algebra (so if N = k then E = Ĥ�(G; k)). Thenthere exists a 
anoni
al element in Ho
hs
hild 
ohomology of E,
 2 HH3;�1E;with the following property. Given any graded E-module X, the following areequivalent:(i) The image �
 of 
 in Ext3;�1E (X;X) is zero.(ii) There exists a kG-module M su
h that X is isomorphi
 to a dire
tsummand of the graded E-module dExt�kG(N;M).The element 
 has an interpretation as the degree three part of the A1-stru
ture on Ĥ�(G; k). The general 
ontext is that by a theorem of Kadeish-vili [5℄, the 
ohomology of any di�erential graded algebra is an A1-algebra,well de�ned up to quasi-isomorphism. The Tate 
ohomology ring Ĥ�(G; k)is the 
ohomology of a suitable A1-algebra. The stru
ture map m3 forthe 
ohomology of a di�erential graded algebra is in general a Ho
hs
hild(3;�1)-
o
y
le, and 
hanging the quasi-isomorphism 
lass 
hanges m3 by a
oboundary. The element 
 is the Ho
hs
hild 
ohomology 
lass representedby m3. All this is explained further in our paper [2℄, but not here; we referto Keller [6℄ for ba
kground material on A1-algebras and modules.The element �
 is the �rst of a sequen
e of obstru
tions in Extn;2�nE (X;X)(n � 3) whi
h de
ide when X is realizable, not only as a summand. However,we have no ni
e interpretation of these higher obstru
tions and no prede
essorin Ho
hs
hild 
ohomology. The obstru
tion �
 works in the 
ontext of atriangulated 
ategory with arbitrary dire
t sums. In this 
ontext, N is a
ompa
t obje
t in the 
ategory.We also in
lude a dis
ussion of the parametrization of the realizations, inthe 
ase where �
 is the zero element of Ext3;�1E (X;X).Consider the 
olle
tion Split(X) (too large to be a set) of ordered triples(M; i; �) 
onsisting of a kG-module M and maps of E-modulesX i�!dExt�kG(N;M) ��! Xwhose 
omposite is the identity map IdX . We put an equivalen
e relation onthis 
olle
tion as follows. Two su
h triples (M; i; �) and (M 0; i0; �0) are saidto be equivalent if there is a kG-module homomorphism � : M !M 0 making



MODULES OVER TATE COHOMOLOGY 3the following diagram 
ommute.dExt�kG(N;M)��
��

�
))SSSSSSSX i 55kkkkkkk i0 ))SSSSSSS XdExt�kG(N;M 0) �0 55kkkkkkkAs it stands, this does not de�ne an equivalen
e relation be
ause it is notsymmetri
, but we 
omplete it to one by taking the smallest equivalen
erelation on Split(X) 
ontaining all pairs of equivalent triples (M; i; �). It isnot obvious that the equivalen
e 
lasses in Split(X) form a set, but that ispart of the 
ontent of the following theorem, whose proof 
an be found inSe
tion 5.Theorem 1.2. If �
 = 0 then the equivalen
e 
lasses in Split(X) form anaÆne spa
e whose asso
iated ve
tor spa
e is Ext2;�1E (X;X).To say that a set forms an aÆne spa
e A with a given asso
iated ve
torspa
e V means that there is a free and transitive addition map V � A ! A .So the di�eren
e between two elements of A is a well de�ned element of V ,and a 
hoi
e of whi
h element to 
all zero in A de�nes a bije
tion with V .As in the 
ase of the obstru
tion �
, this theorem works in any triangu-lated 
ategory with arbitrary dire
t sums. In algebrai
 topology, there areanalogous appearan
es of Ext2 groups in 
lassi�
ation problems of realizable(
o-)homology modules. Some 
omments on this 
an be found at the end ofSe
tion 5.In a related paper, Beligiannis and Krause [1℄ investigate the question ofwhen all maps from the Tate 
ohomology of a module are realizable. Theydevelop an extended Milnor sequen
e whi
h 
omputes the obstru
tions inthis 
ontext. 2. A motivating exampleIn this se
tion, we motivate the dis
ussion with an example. Let p be aprime, G be a 
y
li
 group of order p, and k be a �eld of 
hara
teristi
 p.In the 
ase p = 2, the Tate 
ohomology ring is Ĥ�(G; k) = k[x; x�1℄ withdeg(x) = 1. In the graded sense, this is a �eld: every module over it is free.In parti
ular, every module over Ĥ�(G; k) 
an be realized as Ĥ�(G;M) for asuitable kG-moduleM . Namely,M 
an be taken as a kG-module with trivialG-a
tion, whose k-dimension is equal to the 
ardinality of a free generatingset for the given Ĥ�(G; k)-module.The 
ase p odd is somewhat di�erent. The Tate 
ohomology Ĥ�(G; k)is the tensor produ
t of k[x℄=(x2) with a Laurent polynomial ring k[y; y�1℄.Here, the degrees are given by deg(x) = 1 and deg(y) = 2. The inde
om-posable kG-modules in this 
ase 
orrespond to Jordan blo
ks of length atmost p. We write Mn (1 � n � p) for the inde
omposable module of length



4 DAVID BENSON, HENNING KRAUSE, AND STEFAN SCHWEDEn. It has a unique 
omposition series, with just one submodule of ea
h di-mension from zero to n; we express this by saying that Mn is uniserial. Theinde
omposable proje
tive kG-module is Mp, so the short exa
t sequen
e0!Mp�n !Mp !Mn ! 0shows that 
(Mn) �=Mp�n. So 
i(Mn) is isomorphi
 to Mn if i is even andMp�n if i is odd. So for all i we haveĤi(G;Mn) �= HomkG(k;
�i(Mn)) �= k:Multipli
ation by y 2 Ĥ2(G; k) is an isomorphism, but multipli
ation by xis harder to 
ompute. For 2 � n � p � 2, x a
ts as zero. For n = 1 andn = p� 1, Mn is k, respe
tively 
(k), so Ĥ�(G;Mn) is either Ĥ�(G; k) or itsshift in degree by one.Let us 
onsider the Ĥ�(G; k)-module X = k[y; y�1℄. As long as p > 3, we
an 
hoose a value of n satisfying 2 � n � p � 2, and then sin
e x a
ts aszero, Ĥ�(G;Mn) will de
ompose as a dire
t sum of X and its shift in degreeby one. However, if p = 3 then the only nonproje
tive inde
omposables are kand 
(k), and there is not enough room to realize X as a dire
t summand ofthe Tate 
ohomology of a module. The problem is that the uniserial moduleof length three is already proje
tive.The relationship with Massey produ
ts is as follows. In order to build amoduleMn whose 
ohomology has k[y; y�1℄ as a dire
t summand, we neededto be able to string together at least four 
opies of the trivial module to makea uniserial module of length four, so that we 
an form a module Mn withlength at least two, and so that 
(Mn) also has length at least two.The obstru
tion theory for uniserial modules is well understood in termsof 
up produ
ts and Massey produ
ts. If A, B, C and D are simple modules,then a uniserial extension with submoduleB and quotient A (whi
h we denoteA=B) is represented by a nonzero element of Ext1kG(A;B). The 
up produ
tof an element b 2 Ext1kG(B;C) with an element a 2 Ext1kG(A;B) is zero inExt2kG(A;C) pre
isely when the two extensions A=B and B=C 
an be �ttedtogether to make a uniserial module of length three of the form A=B=C. Ifthe 
up produ
t is zero, there may be a number of di�erent ways of �ttingtogether the twofold extensions to form a threefold extension. They areparametrized by elements of Ext1kG(A;C); but if A happens to be isomorphi
to C then there 
an be unexpe
ted isomorphisms between the resulting lengththree modules.Given elements a 2 Ext1kG(A;B), b 2 Ext1kG(B;C), 
 2 Ext1kG(C;D), ifthe produ
ts ba and 
b vanish so that there are uniserial modules A=B=C andB=C=D, we may ask whether they 
an be �tted together to form a uniserialmodule of the form A=B=C=D. The obstru
tion to doing this is the Masseytriple produ
t h
; b; ai 2 Ext2kG(A;D). There is some indetermina
y involved;we 
an 
hange the length three modules using elements of Ext1kG(A;C) andExt1kG(B;D). So the Massey produ
t is really only well de�ned up to addingan element of 
Ext1kG(A;C) + Ext1kG(B;D) a. So in the 
ase of the 
y
li
group of order three in 
hara
teristi
 three, there is a nonvanishing Massey
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t 
orresponding to the nonexisten
e of a uniserial module oflength four. It is hx; x; xi = y. For the 
y
li
 group of order p in 
hara
teristi
p with p 6= 3, there are no nonvanishing Massey triple produ
ts, but the p-foldMassey produ
t hx; : : : ; xi is equal to y.The pre
eding dis
ussion should at least make some sense of the followingtheorem, whi
h slightly generalizes the above setup and des
ribes what hap-pens in Theorem 1.1 if N = k and G has 
y
li
 Sylow p-subgroups. We referto x7 of [2℄ for proofs.Theorem 2.1. Suppose that k has 
hara
teristi
 p and G has 
y
li
 Sylowp-subgroups of order pn. Then the following des
ribes the obstru
tion 
 2HH3;�1Ĥ�(G; k).(i) Unless pn = 3, we have 
 = 0.(ii) If pn = 3 and G is p-nilpotent then Ĥ�(G; k) = k[y; y�1; x℄=(x2) withdeg(x) = 1, deg(y) = 2. In this 
ase, 
 is represented by the (3;�1)-
o
y
lem whi
h satis�esm(yix
 yjx
 y`x) = yi+j+`+1 i; j; ` 2 Zand whi
h vanishes on all other tensor produ
ts of monomials in x and y.(iii) If pn = 3 and G is not p-nilpotent then Ĥ�(G; k) = k[w;w�1; v℄=(v2)with deg(v) = 3, deg(w) = 4. In this 
ase, 
 is represented by the (3;�1)-
o
y
le m whi
h satis�esm(vwi 
 vwj 
 vw`) = wi+j+`+2 i; j; ` 2 Zand whi
h vanishes on all other tensor produ
ts of monomials in v and w.3. Notations and 
onventions.Unless otherwise spe
i�ed, when we talk about kG-modules, we mean leftkG-modules. Let Mod(kG) be the 
ategory of all (not ne
essarily �nitelygenerated) kG-modules. IfM and N are left kG-modules, thendExt�kG(N;M)is a right dExt�kG(N;N)-module by Yoneda 
omposition. So unless otherwisespe
i�ed, dExt�kG(N;N)-modules are right modules.We write StMod(kG) for the stable 
ategory of kG-modules. The obje
tsin this 
ategory are the same as in Mod(kG), but the arrows are given byHomkG(N;M) = HomkG(N;M)=PHomkG(N;M)where PHomkG(N;M) is the linear subspa
e 
onsisting of homomorphismswhi
h fa
tor through some proje
tive module. The 
ategory StMod(kG) is atriangulated 
ategory, in whi
h the triangles 
ome from short exa
t sequen
esin Mod(kG). As usual, we denote by 
M the kernel of a map from a proje
-tive module onto M , and by 
�1M the 
okernel of an embedding of M intoan inje
tive module. These operations are well de�ned and mutually inverseon StMod(kG).If V is a Z-graded ve
tor spa
e, we write V [n℄ for the graded ve
tor spa
ewith V [n℄i = V n+i. An element v of V n+i, when regarded as an elementof V [n℄i, is written �nv. If V 
arries a di�erential d : V i ! V i+1 then the



6 DAVID BENSON, HENNING KRAUSE, AND STEFAN SCHWEDEdi�erential on V [n℄ is de�ned by d(�nv) = (�1)n�n(dv). If a graded ring �a
ts on V on the left then it also a
ts on V [n℄ via �(�nv) = (�1)mn�n(�v)where m = deg(�). If � a
ts on V on the right then the a
tion on V [n℄ isgiven by (�nv)� = �n(v�).Cohomology of a graded module over a graded algebra is bigraded. The�rst index gives the 
ohomologi
al degree and the se
ond gives the inter-nal degree. So for example if E = Ext�kG(N;N), we write Exts;tE (X;Y ) forExtsE(X;Y [t℄). So an element of Ext3;�1E (X;Y ) is represented by an exa
tsequen
e of graded modules0! Y [�1℄! X2 ! X1 ! X0 ! X ! 0:Whenever 
onvenient, we shall write a tensor produ
t �1 
 � � � 
 �n as ann-tuple (�1; : : : ; �n). 4. The obstru
tion �
We �x a kG-module N , and we write E for dExt�kG(N;N). In this se
tion,given a graded E-module X, we de�ne an obstru
tion�
 2 Ext3;�1E (X;X) = Ext3E(X;X[�1℄):We prove that �
 = 0 if and only if X is isomorphi
 to a dire
t summand of anE-module of the form dExt�kG(N;M), for some kG-module M . In Se
tion 7,we de�ne the element
 2 HH3;�1E = HH3(E;E[�1℄);and then in Se
tion 8 we show that �
 is the image of 
 under the naturalmap from Ho
hs
hild 
ohomology to Ext.Let X be a graded E-module, and let0! K ! F1 ��! F0 "�!X ! 0 (4.1)be the beginning of a free resolution of X over E. In other words, ea
h of F0and F1 is a dire
t sum of 
opies of E, with degree shifts as ne
essary to hitgenerators and relations for X, and K is de�ned as the kernel of �.Sin
e dExt�kG(N;
nN) �= dExt�kG(N;N)[�n℄, we 
an �nd kG-modules R0and R1, ea
h a dire
t sum of modules of the form 
nN , n 2 Z, su
h thatdExt�kG(N;R0) = F0 and dExt�kG(N;R1) = F1. Furthermore, there is a map� : R1 ! R0 su
h thatdExt�kG(N;R1) �� //�=
��

dExt�kG(N;R0)�=
��F1 � // F0
ommutes. Complete � : R1 ! R0 to a triangle in StMod(kG),
B ! R1 ! R0 ! B: (4.2)



MODULES OVER TATE COHOMOLOGY 7The long exa
t sequen
e in 
ohomology then gives� � � !dExt�kG(N;B)[�1℄! F1 ���! F0 !dExt�kG(N;B)! F1[1℄! � � �so that we obtain a short exa
t sequen
e0! X ���!dExt�kG(N;B)! K[1℄! 0:Let �
 be the element ofExt1E(K[1℄;X) �= Ext1E(K;X[�1℄) �= Ext3E(X;X[�1℄)de�ned by this short exa
t sequen
e. The se
ond isomorphism here is thedimension shift given by Yoneda spli
e with the exa
t sequen
e (4.1). Theelement �
 is well de�ned, by the following (more general) theorem.Theorem 4.3. Let M2 !M1 !M0 ! 
�1M2be any triangle in StMod(kG) and let X be the 
okernel ofdExt�kG(N;M1)!dExt�kG(N;M0):Then the exa
t sequen
e of the triangle,0! X[�1℄!dExt�kG(N;M2)!dExt�kG(N;M1)!dExt�kG(N;M0)! X ! 0represents the element �
 2 Ext3;�1E (X;X).Proof. In the diagram of E-modulesF1 //

��

F0 //

��

X // 0dExt�kG(N;M1) // dExt�kG(N;M0) // X // 0the verti
al arrows, whi
h have been 
onstru
ted using the standard liftingargument, 
an be realized by a map of triangles
B //

��

R1 //

��

R0 //

��

B
��M2 // M1 // M0 // 
�1M2:This in turn gives rise to a map of extensions0 // X[�1℄ // dExt�kG(N;
B) //

��

F1 //

��

F0 //

��

X // 00 // X[�1℄ // dExt�kG(N;M2) // dExt�kG(N;M1) // dExt�kG(N;M0) // X // 0whi
h proves that these extensions represent the same element of the exten-sion group Ext3;�1E (X;X), namely �
; see Ma
 Lane [7℄, xIII.5.



8 DAVID BENSON, HENNING KRAUSE, AND STEFAN SCHWEDETheorem 4.4. The following are equivalent:(i) �
 = 0 in Ext3;�1E (X;X).(ii) The sequen
e0! X ���!dExt�kG(N;B)! K[1℄! 0 (4.5)splits.(iii) The E-module X is isomorphi
 to a dire
t summand of dExt�kG(N;M)for some kG-module M .Proof. For (i), (ii), we noti
e that by 
onstru
tion, under the isomorphismExt3;�1E (X;X) �= Ext1E(K[1℄;X);the 
lass �
 
orresponds to the extension (4.5). So �
 = 0 if and only if thisextension splits.It is obvious that (ii) ) (iii), so we shall prove that (iii) ) (ii). Sin
e the
onstru
tion of �
 is additive in X, we may assume that X �= dExt�kG(N;M).Then the map F0 ! X is realized by a map R0 !M whose 
omposite with� is zero in StMod(kG), so this map lifts to a map B ! M . The indu
edmap dExt�kG(N;B)!dExt�kG(N;M) = X splits the sequen
e (4.5).5. Parametrizing the realizationsIn this se
tion, we prove Theorem 1.2, parametrizing the realizations inthe 
ase where �
 is the zero element of Ext3;�1E (X;X).Re
all from Se
tion 1 that Split(X) 
onsists of the ordered triples (M; i; �)
onsisting of a kG-module M and maps of E-modulesX i�!dExt�kG(N;M) ��! Xwhose 
omposite is the identity map IdX . There is an equivalen
e relationon Split(X) des
ribed Se
tion 1, and Theorem 1.2 says that the equivalen
e
lasses form an aÆne spa
e whose asso
iated ve
tor spa
e is Ext2;�1E (X;X).In order to prove this theorem, we asso
iate to two triples (M; i; �) and(M 0; i0; �0) a di�eren
e element in d(M; i; �;M 0; i0; �0) 2 Ext2;�1E (X;X). Todo this, we use the 
onstru
tions des
ribed in Se
tion 4. The 
ompositei Æ " : F0 !dExt�kG(N;M) 
an be realized by a map of kG-modules � : R0 !Mwhose 
omposite with � : R1 ! R0 is zero in StMod(kG). It therefore liftsto a map j : B ! M with the property that the 
omposite j� Æ � : X !dExt�kG(N;M) is equal to i. So 
omposing with � gives the identity map onX.
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%%KK

KK
KK

KK

88qqqqqqqqqF1 // F0 //"
&&LLLLLLLLLL ��
��

dExt�kG(N;B)j�
��

//

99sssssss F1[1℄Xi
��

� 88rrrrrrrr0 88rrrrrrrrrrr dExt�kG(N;M)�VVIt follows that (� Æ j� � �0 Æ j0�) Æ � = 0, so that � Æ j� � �0 Æ j0� de�nes adi�eren
e 
o
y
le K[1℄ ! X. The di�eren
e element d(M; i; �;M 0; i0; �0) isde�ned to be the image of this element of HomE(K[1℄;X) in Ext2;�1E (X;X).It is a routine exer
ise to 
he
k that this di�eren
e element does not dependon the 
hoi
es involved in the 
onstru
tion, and that the following identitieshold. d(M 0; i0; �0;M; i; �) = �d(M; i; �;M 0; i0; �0)d(M; i; �;M 0; i0; �0) + d(M 0; i0; �0;M 00; i00; �00) = d(M; i; �;M 00; i00; �00)If two triples (M; i; �) and (M 0; i0; �0) are equivalent via a map � : M !M 0then the map �0 may be 
hosen to be � Æ � and j0 
an be 
hosen to be � Æ j.Then � Æ j = �0 Æ j0 and so the di�eren
e element d(M; i; �;M 0; i0; �0) is zero.We 
an �nd a set of representatives of the equivalen
e 
lasses as follows. Atriple (M; i; �) is equivalent to the triple (B; �; �Æj�) via the map j : B !M .So every triple is equivalent to a splitting of the sequen
e (4.5). It remainsto examine when two su
h splittings are equivalent.If �; �0 : dExt�kG(N;B)! X are splittings of (4.5), then �� �0 vanishes onX, and de�nes the map K[1℄ ! X representing the di�eren
e element inExt2;�1E (X;X). Conversely, any map K[1℄ ! X 
an be used to adjust thesplitting. If (B; �; �) and (B; �; �0) are equivalent then the di�eren
e elementis zero, so � � �0 : K[1℄ ! X fa
tors as K[1℄ ! F1[1℄ ! X. We 
an realizeF1[1℄ ! X via a map 
�1R1 ! B. The 
omposite � : B ! 
�1R1 ! Bthen satis�es � Æ �� = �0 and �� Æ � = �. It follows that two splittings �; �0are equivalent if and only if there is a map � : B ! B with � Æ �� = �0 and�� Æ � = �. If this holds, then � Æ (�� 1)� = �� �0 and (�� 1)� Æ � = 0. So��1 
omposes with R0 ! B to give zero, and it follows that ��1 fa
tors asB ! 
�1R1 ! B. Taking 
ohomology, we get a map F1[1℄ !dExt�kG(N;B)su
h that the 
omposite Ext�kG(N;B) ! F1[1℄ ! dExt�kG(N;B) is (� � 1)�.This vanishes on X, and so gives a fa
torization K[1℄ ! F1[1℄ ! X ofthe di�eren
e 
o
y
le. This means that the di�eren
e element is zero inExt2;�1E (X;X). This argument is reversible, so the splittings are equivalentif and only if the di�eren
e element is zero in Ext2;�1E (X;X). This 
ompletesthe proof of Theorem 1.2.



10 DAVID BENSON, HENNING KRAUSE, AND STEFAN SCHWEDERemarks 5.1. In algebrai
 topology, there are analogous appearan
es of Ext2 groupsin 
lassi�
ation problems of realizations of (
o-)homology modules. For example,given two p-lo
al spe
tra X and Y and an isomorphism f : H�(X ; Fp )! H�(Y ; Fp )of modules over the Steenrod algebra Ap, there is a 
orresponding element in E0;02of the Adams spe
tral sequen
eEs;t2 = Exts;tAp(H�(X ; Fp ); H�(Y ; Fp ))) [Y ;X ℄t�s:Ignoring 
onvergen
e issues, the �rst of an in�nite sequen
e of obstru
tions to real-izability as a map is the d2 di�erential to E2;12 in this spe
tral sequen
e.Here we study a slightly di�erent problem, namely realizations up to summands,and it turns out that then the only invariant is a 
lass in Ext2. This situationalso 
omes up in stable homotopy theory in Bous�eld's 
lassi�
ation of K-lo
alspe
tra at an odd prime [3℄. Roughly speaking, Bous�eld's 
lassi�
ation is by theK-homology of a spe
trum, in
luding the Adams operations; these obje
ts takevalues in an abelian 
ategory with inje
tive dimension two. This implies that everyalgebrai
 homology obje
t is realized as the K-homology of a spe
trum, but theremay be genuinely di�erent realizations (i.e., by K-lo
al spe
tra whi
h are not stablyequivalent).Be
ause the inje
tive dimension is two, in the asso
iated Adams spe
tral sequen
e,the only obstru
tion to realizing an algebrai
 morphism between the K-homologiesby a geometri
 morphism is the d2 di�erential, whi
h lives in the respe
tive Ext2group. Bous�eld refers to this obstru
tion as the \K�-k-invariant."6. The map from Ho
hs
hild 
ohomology to ExtIf k is a �eld of 
oeÆ
ients and � is a k-algebra, we write �e for �
k �op,so that �e-modules are the same as �-�-bimodules with s
alars from k a
t-ing the same way on both sides. If M is a �-�-bimodule, then Ho
hs
hild
ohomology of � with 
oeÆ
ients in M is de�ned to be HH�(�;M) =Ext��e(�;M), In 
ase M = �, we write HH�� for HH�(�;�).If � is graded and M is a graded �-�-bimodule, then we use degree pre-serving maps in the above dis
ussion and de�neHHi;j(�;M) = Exti�e(�;M [j℄);and HHi(�;M) = HHi;0(�;M). So the index i is the Ho
hs
hild 
ohomo-logi
al index, and j 
omes from the internal grading. Our sign 
onventionsfor working with this de�nition are given in Se
tion 3.Ho
hs
hild 
ohomology 
an be 
al
ulated using the free resolution, often
alled the bar resolution,� � � d�! �
(n+2) d�! �
(n+1) ! � � � d�! �
2 ! �! 0where the nth term in the resolution is �
(n+2). The �e-module stru
ture isgiven by (�; �0)(�0; : : : ; �n+1) = (��0; �1; : : : ; �n; �n+1�0):The di�erential is de�ned byd(�0; : : : ; �n+1) = nXi=0(�1)i(�0; : : : ; �i�i+1; : : : ; �n+1):



MODULES OVER TATE COHOMOLOGY 11For more details, see Cartan and Eilenberg [4℄, xIX.6.If M is a �-�-bimodule, then we haveHom�e(�
(n+2);M) �= Homk(�
n;M):So a Ho
hs
hild n-
o
hain with 
oeÆ
ients in M is given by a fun
tion fromn-tuples of elements of � to M . The di�erential is then given bydf(�1; : : : ; �n) = (�1)j�1jjf j�1f(�2; : : : ; �n) +n�1Xi=1(�1)if(�1; : : : ; �i�i+1; : : : ; �n) + (�1)nf(�1; : : : ; �n�1)�n:In the ungraded situation, all elements �i are interpreted as having degreezero, so the sign on the �rst term on the right of this equation disappears.If X is a right �-module, then Homk(X;X) is a �-�-bimodule, there is anatural isomorphismHH�(�;Homk(X;X)) �= Ext��(X;X):So the map of bimodules giving the �-a
tion � ! Homk(X;X) indu
es amap HH��! Ext��(X;X):An expli
it way to des
ribe the map is as follows. Given a proje
tive resolu-tion of � as a �e-module and a Ho
hs
hild 
o
hain �:: : : // Pn //�
��

� � � // P0 // � // 0�we 
an apply X 
� � to obtain a 
o
hain �X :: : : // X 
� Pn //�X
��

X 
� P0 // X // 0Xfor this proje
tive resolution of X. This 
onstru
tion 
ommutes with the dif-ferential, so an element of Ho
hs
hild 
ohomology gives rise to a well de�nedelement of Ext��(X;X).7. Des
ription of the element 
Let P̂� be a 
omplete resolution of N as a kG-module. In other words,P̂� is obtained by spli
ing together a proje
tive resolution and an inje
tive
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all that a kG-module is inje
tive if and only if it is pro-je
tive) : : : // P̂2 // P̂1 // P̂0 //

��@
@@

@@
P̂�1 // P̂�2 // : : :N
""EE

EE
EE

=={{{{{0 =={{{{{ 0We write 
nN for the kernel of P̂n�1 ! P̂n�2 for n 2 Z.Denote by A the 
o
hain 
omplexA = Hom�kG(P̂�; P̂�)so that An =Yj HomkG(P̂n+j ; P̂j)with di�erential d : An ! An+1 de�ned by(df)(x) = �(f(x)) � (�1)nf(�(x))where � denotes the di�erential of P̂�. With this de�nition, the 
o
y
les inA are the 
hain homomorphisms (negated if the degree is odd), and 
o
y
lesdi�er by a 
oboundary if and only if the 
orresponding 
hain maps are ho-mologous. So A is a di�erential graded algebra whose 
ohomology H�(A) isTate 
ohomology dExt�kG(N;N). So we 
an apply the 
onstru
tion des
ribedin x3.3 of Keller [6℄, whi
h we repeat here for the 
onvenien
e of the reader.First, note that Keller writes m2 for the multipli
ation maps,m2 : A
A! A; m2 : H�(A)
H�(A)! H�(A):We regard H�(A) as a di�erential graded algebra with zero di�erential, andwe 
hoose a morphism of 
omplexes f1 : H�(A)! A whi
h indu
es the iden-tity in 
ohomology. This amounts to 
hoosing a representative 
o
y
le forea
h Tate 
ohomology 
lass, in a linear fashion.Now f1 usually 
annot be 
hosen to 
ommute with multipli
ation, but atleast it 
ommutes up to 
oboundaries. So we 
hoose a graded map of degree�1 f2 : H�(A)
H�(A)! Asatisfying df2(x; y) = f1(xy)� f1(x)f1(y): (7.1)Given x, y, z 2 H�(A), we haved[(�1)jxjf1(x)f2(y; z) � f2(xy; z) + f2(x; yz)� f2(x; y)f1(z)℄ = 0;so the element inside the bra
ket is a 
o
y
le. This means that we 
an �ndmaps m3 : H�(A)
3 ! H�(A) of degree �1 and f3 : H�(A)
3 ! A of degree
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h thatf1m3 � df3 = m2(f1 
 f2)� f2(m2 
 1) + f2(1
m2)�m2(f2 
 f1);orf1(m3(x; y; z)) � df3(x; y; z) =(�1)jxjf1(x)f2(y; z)� f2(xy; z) + f2(x; yz)� f2(x; y)f1(z): (7.2)Lemma 7.3. The map m3 : H�(A)
3 ! H�(A) of degree �1 des
ribed aboveis a Ho
hs
hild 
o
y
le.Proof. This follows from the identitym2(1
m3)�m3(m2 
 1
 1) +m3(1
m2 
 1)�m3(1
 1
m2) +m2(m3 
 1) = 0;or(�1)jwjwm3(x; y; z) �m3(wx; y; z) +m3(w; xy; z)�m3(w; x; yz) +m3(w; x; y)z = 0: (7.4)To 
he
k this identity, apply f1 to the left-hand side. Using equations 7.1and 7.2, we see that the result is a 
oboundary. Sin
e f1 is the identity mapon 
ohomology, the identity 7.4 is proved.Now the above 
onstru
tion of the Ho
hs
hild 
o
y
le m3 depends on some
hoi
es, but our next task is to prove that the Ho
hs
hild 
ohomology 
lassit determines does not depend on these 
hoi
es.Proposition 7.5. The Ho
hs
hild 
ohomology 
lass
 2 HH3;�1H�(A)determined by m3 is independent of the 
hoi
es made in de�ning m3.Proof. First let f 01 be another 
hoi
e for the map f1. Then there is a mapg1 : H�(A)! A of degree �1 su
h thatdg1(x) = f 01(x)� f1(x):Setting f 02(x; y) = f2(x; y) + g1(xy)� (�1)jxjf 01(x)g1(y)� g1(x)f1(y)f 03(x; y; z) = f3(x; y; z) + g1(m3(x; y; z))� (�1)jxjg1(x)f2(y; z) � (�1)jxj+jyjf 02(x; y)g1(z)it is easy to 
he
k that equations (7.1) and (7.2) hold for f 01, f 02, f 03 and m3.Next, we keep f1 �xed and let f 02 be another 
hoi
e for the map f2. Thenthere are maps n2 : H�(A)
H�(A)! H�(A) of degree �1 and g2 : H�(A)
H�(A)! A of degree �2 su
h thatf1(n2(x; y)) � dg2(x; y) = f 02(x; y)� f2(x; y):



14 DAVID BENSON, HENNING KRAUSE, AND STEFAN SCHWEDESettingf 03(x; y; z) = f3(x; y; z) + (�1)jxjf2(x; n2(y; z)) + f1(x)g2(y; z)� g2(xy; z) + g2(x; yz)� f2(n2(x; y); z) � g2(x; y)f1(z)m03(x; y; z) = m3(x; y; z) + (�1)jxjxn2(y; z) (7.6)� n2(xy; z) + n2(x; yz)� n2(x; y)z;we again 
he
k that equations (7.1) and (7.2) hold for f1, f 02, f 03 and m03.Finally, we keep f1 and f2 �xed, and let f 03 be another 
hoi
e for the mapf3. Then f 03 di�ers from f3 by a 
o
y
le, so df 03 = df3 and equations (7.1)and (7.2) hold for f1, f2, f 03 and m3.The upshot of this analysis is that the extent to whi
hm3 is not well de�nedis expressed by equation (7.6). This equation says that the di�eren
e betweenthe 
o
y
les m03 and m3 is the Ho
hs
hild 
oboundary of the Ho
hs
hild
o
hain n2 : H�(A)
H�(A)! H�(A).8. Comparing 
 with �
In order to make the 
omparison between the de�nitions of 
 and �
, ourgoal is to 
onstru
t a 
ommutative diagram of E-modulesX 
k E
4 d //
X
��

X 
k E
3 d //��
��

X 
k E
2 d //

��

X 
k E //

��

X // 00 // X[�1℄ // dExt�kG(N;
B) // F1 � // F0 // X // 0(8.1)where the top row is the Ho
hs
hild 
omplex and the bottom row is thesequen
e de�ning �
. An obvious simpli�
ation of this task is to 
hoose F1 andF0 to be X 
k E
2 and X 
k E respe
tively, and to make the 
orrespondingverti
al maps the identity. The hard part of the proof is then to 
onstru
tthe map marked �� in this diagram in su
h a way that the two squares inwhi
h it is involved 
ommute. A

omplishing this will 
omplete the proof ofTheorem 1.1.We use the maps f1, f2, f3 and m3 de�ned in Se
tion 7 to de�ne expli
itmaps in Mod(kG) for use in the 
onstru
tions whi
h were used in Se
tion 4to de�ne the bottom row of the above diagram. To this end, we de�ne twofun
tors R and Q from Z-graded ve
tor spa
es to Mod(kG) viaR(V ) =Mn2ZV n 
k 
nN; Q(V ) =Mn2ZV n 
k P̂n:The G a
tion is de�ned via the right tensor fa
tor. There is a short exa
tsequen
e of kG-modules0! R(V [�1℄) i�!Q(V ) ��! R(V )! 0;where �(x; �1; : : : ; �n; �) = (�1)jx�1:::�nj(x; �1; : : : ; �n; �(�)):



MODULES OVER TATE COHOMOLOGY 15We also write � : Q(V )! Q(V [1℄) for the map de�ned by the same formula.The module Rn = R(X 
k E
n)has the property that dExt�kG(N;Rn) �= X 
k E
(n+1)whi
h is the nth term of the 
omplex des
ribed at the end of Se
tion 6. Wealso write Rn[m℄ for R(X 
k E
n[m℄), Qn[m℄ for Q(X 
k E
n[m℄) and Qnfor Qn[0℄. We de�ne ~d : Rn[m℄! Rn�1[m℄ by~d(x; �1; : : : ; �n; �) = (x�1; �2; : : : ; �n; �)+ n�1Xi=1(�1)i(x; �1; : : : ; �i�i+1; : : : ; �n; �) + (�1)n(x; �1; : : : ; f1(�n)(�)):After applying dExt�kG(N;�), this indu
es the bar 
omplex di�erential.The same formula de�nes a map whi
h we also denote ~d from Qn[m℄ toQn�1[m℄. The following diagram then 
ommutes.0 // Rn i //~d
��

Qn[1℄ � //~d
��

Rn[1℄ //~d
��

00 // Rn�1 i // Qn�1[1℄ � // Rn�1[1℄ // 0An easy 
al
ulation using equation (7.1) shows that we have~d ~d(x; �1; : : : ; �n; �) = (x; �1; : : : ; �n�2; (df2(�n�1; �n))(�))= (x; �1; : : : ; �n�2; �(f2(�n�1; �n)(�))+ (�1)j�n�1�njf2(�n�1; �n)(��)):De�ne � = 1
 � � � 
 1
m2(f2 
 1) : Qn[1℄! Qn�2so that�(x; �1; : : : ; �n; �) = (�1)jx�1:::�n�2j(x; �1; : : : ; �n�2; f2(�n�1; �n)(�)):Then we have��(x; �1; : : : ; �n; �) = (x; �1; : : : ; �n�2; �(f2(�n�1; �n)(�)))��(x; �1; : : : ; �n; �) = (�1)jx�1:::�nj�(x; �1; : : : ; �n; ��)= (�1)j�n�1�nj(x; �1; : : : ; �n�2; f2(�n�1; �n)(��));and so ~d ~d = ��+ ��: (8.2)Next, de�ne  = 1
 � � � 
 1
 (f1m3 � df3) : Qn[1℄! Qn�3



16 DAVID BENSON, HENNING KRAUSE, AND STEFAN SCHWEDEso that (x; �1; : : : ; �n; �) = (�1)jx�1:::�n�3j�x; �1; : : : ; �n�3;[f1(m3(�n�2; �n�1; �n))� df3(�n�2; �n�1; �n)℄(�)�:Then a similar 
al
ulation using (7.2) shows that~d�� � ~d = (�1)n : (8.3)It is also easy to 
he
k that  � = � , and so  indu
es a well de�ned mapwhi
h we also denote  : Rn[1℄! Rn�3.De�ne B to be the pushout ofR1 ~d //i
��

R0Q1[1℄in the 
ategory of kG-modules, so that there are exa
t sequen
es0! R1 ! R0 �Q1[1℄! B ! 0 (8.4)and 0! R0 ! B ! R1[1℄! 0 (8.5)giving rise to a triangle (4.2).In order to de�ne a map � : Q2[1℄! B;we �rst de�ne a map ~� = � �~d � : Q2[1℄! Q0 �Q1[1℄or more expli
itly,~�(x; �0; �1; �) = �(�1)jxj(x; f2(�0; �1)(�)) ;(x�0; �1; �)� (x; �0�1; �) + (x; �0; f1(�1)(�))�:Equation (8.2) shows that the left hand square of the following diagram
ommutes, so that there is a map � su
h that the right hand square also
ommutes. Q2 � //���~d �
��

Q2[1℄ � //~�= ��~d�
��

R2[1℄ //�
��

0
Q0[�1℄�Q1 � � ~d0 �� // Q0 �Q1[1℄ // B // 0The map � indu
es a map�� : X 
k E
3 !dExt�kG(N;B);



MODULES OVER TATE COHOMOLOGY 17Q2 ~d
!!CC

CC
CC

CC
C

���~d �
yyttttttttttt �

��

0 // Q0[�1℄ //�
��

Q0[�1℄�Q1 //� � ~d0 ��
��

Q1 //�
��

0Q3[1℄ ~d //�
��

 
||yy

yy
yy

yy
yy

Q2[1℄�
��

~�
zzttttttttttt ~d

!!B
BB

BB
BB

BB0 // Q0 //�
��

Q0 �Q1[1℄ //� � 00 1�
��

Q1[1℄ //�
��

0R3[1℄ ~d // 
||yy

yy
yy

yy
yy

R2[1℄�
zztttttttttttt ~d

!!B
BB

BB
BB

BB0 // R0 � 10�
//

��

B (0 �) //

��

R1[1℄ //

��

00 0 0Figure 1whi
h is the desired map for diagram (8.1). It remains to 
he
k that thetwo squares in diagram (8.1) in whi
h �� is involved 
ommute. For thispurpose, we examine the diagram in Figure 1. This diagram does not quite
ommute. The four front squares and the ba
k square 
ommute, the triangles
ommute, and the \side walls" 
ommute. But the two \horizontal" squaresonly 
ommute after applying dExt�kG(N;�). To see this, we 
al
ulate withmaps from R3[1℄ to B. Using equations (8.2) and (8.3), we have� ~d� = �� ~d = � � 00 1�� �~d � ~d = � � 00 1�� ~d�+ ��+�� �= � � 00 1�� � ~d0 � �� 0��+ � � 00 1��  �� � = � � 00 1��  �� � = �  ��� �:Sin
e � : Q3[1℄! R3[1℄ is surje
tive, it follows that� ~d = �  � � : R3[1℄! B:Now the map � 0� � fa
tors through the proje
tive module Q1[1℄. So the mapin 
ohomology is zero, and it follows that the map��d : X 
k E
4[1℄ =dExt�kG(N;R3[1℄)!dExt�kG(N;B)
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ed by �  0 �. Finally, it is easy to see that thefollowing diagram 
ommutes.X 
k E
4[1℄ �
����

��
��

��
��

� 
X
��

� 0 ��
��?

??
??

??
??

?F0
��?

??
??

??
??

??
// dExt�kG(N;B)X

��?
??

??
??

??
??

?

??����������
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