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These are the notes for a course on representations of quivers for second year students
in Paderborn in summer 2007. My aim was to provide a basic introduction without using
any advanced methods. It turns out that a good knowledge of linear algebra is sufficient
for proving Gabriel’s theorem. Thus we classify the quivers of finite representation type
and study their representations using reflection functors. The course was complemented
by problem sessions run by Andrew Hubery; see his homepage for interesting exercises
and further material. I wish to thank him for many useful discussions on the subject
and the students of this course for their enthusiasm.

1. REPRESENTATIONS OF QUIVERS

In this section we introduce our basic concepts: quivers and their representations.
Throughout we fix a field k.

1.1. Quivers. A quiver is a directed graph, which is assumed to be finite. More pre-
cisely, a quiver is a quadruple @ = (Qo, Q1, s,t) consisting of a finite set Qo of vertices,
a finite set @ of arrows, and two maps s,t: Q1 — Q. An arrow a € Q) starts at s(«)
and terminates at t(a). We sometimes write a: s(a) — t().

A non-trivial path of length r > 1 in @ is a sequence & = &, ... & of arrows satisfying
t(&p) = s(§p41) for 1 < p < r. We write

. b . & & .
i —— g = s = g
The path £ starts at s(§) = s(£1) and terminates at t(§) = t(&,). For each vertex i we
have in addition the trivial path €; of length zero with s(e;) =i = t(e;).
1
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For a pair i,j of vertices let Q(i,7) denote the set of paths & with s(§) = i and
t(§) = j. The obvious composition of paths induces maps

Q(1,8): Q(i,5(§)) — Qi t(§)) and  Q(&4): Q(E),J) — Q(s(£).4)
with Q(¢, &) (1) = € and Q(&, j)(v) = v&.
1.2. Representations. Let @ be a quiver. A representation of () is a collection

X = (Xi, Xa)iGQo,ozEQl

consisting of a vector space X; for each vertex ¢ and a linear map Xo: Xy(o) — Xy(a)
for each arrow a.. A morphism of representations ¢: X — Y is a collection ¢ = (¢;)icq,
of linear maps ¢;: X; — Y; for each vertex ¢ such that Yo¢(q) = ¢4(a)Xa for each arrow
«. In other words, for each arrow a we have a commutative diagram

¢s(a)
Xs(a) Ys(a)
Lk
X Pt() v,
tla) =7 Ti(w)

The composition of ¢ with ¢: Y — Z is given by (1¥¢); = ¥;¢; for each vertex i. For
each representation X we have the identity morphism idx: X — X with (idx); = idx;
for all 7. The set of morphisms X — Y we denote by Hom(X,Y') and we write End(X)
for the set of endomorphisms X — X.

This defines a category Rep(Q, k). We denote by rep(Q, k) the full subcategory with
objects the finite dimensional representations. Here, a representation X is finite dimen-
sional if each vector space X; is finite dimensional.

1.3. The category of representations. Various concepts that are defined for vector
spaces carry over to representations of () by applying the vector space definition point-
wise, that is, for each vertex 1.

Fix a pair X,Y of representations of (). We call X a subrepresentation of Y and write
X CY,if X; is a subspace of Y; for each vertex i and X, (z) = Y, () for each arrow «
and z € X(q)-

Given a morphism ¢: X — Y, its kernel Ker ¢ is by definition the subrepresentation
of X with (Ker ¢); = Ker ¢; for each vertex i. The cokernel Coker ¢ and the image Im ¢
are defined analogously. The morphism ¢ is an isomorphism if each ¢; is an isomorphism.
One defines addition and scalar multiplication for morphisms X — Y point-wise and
that makes Hom(X,Y") into a vector space.

The dimension vector of a finite dimensional representation X is the vector dim X in
Z90 with

1.4. Some special quivers. We consider three quivers in more detail. The repre-

oD o:;o o%-j\o

(a) Jordan quiver (b) Kronecker quiver (¢) n-subspace quiver
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sentations of the Jordan quiver are endomorphisms of a single vector space and their
classification can be formulated in terms of Jordan blocks. The representations of the
Kronecker quiver are pairs of linear maps up to simultaneous conjugation. The n-
subspace quiver has n + 1 vertices and its representations are basically configurations of
n subspaces of a fixed vector space.

1.5. Duality. Let Q°P denote the opposite quiver which is obtained from () by reversing
all arrows. The vector space duality D = Homy(—, k) induces a duality

D: Rep(Qv k) - Rep(Qop’ k)
Given a representation X of @ we let (DX); = D(X;) and (DX), = D(X,) for i € Qo
and a € Q1. For a morphism ¢: X — Y we let (D¢); = D(¢;).

Let V, W be a pair of vector spaces. Recall that there is a canonical monomorphism
ey: V — D2V defined by ey (x)(¢) = ¢(x) for x € V and ¢ € DV. This induces an
isomorphism

Hom(W, DV') = Hom(V, DW)
by sending ¢: W — DV to (Do)ey .

Lemma 1.5.1. Let X € Rep(Q, k) andY € Rep(Q°P, k). There is a canonical monomor-
phism ex: X — D?X which induces a natural isomorphism

Hom(Y, DX) = Hom(X, DY)
by sending ¢: Y — DX to (Do)ex.
Proof. Use the linear maps ex, and Hom(Y;, DX;) — Hom(X;, DY;). O

1.6. Simple representations. A simple representation is defined to be a non-zero
representation with no proper subrepresentations.
Given a vertex i, let S(i) be the representation with

k ifj=1
S(i); = " and S(i)a =0
for j € Qg and a € Q1. This representation is simple.

Now assume that @ has no oriented cycles (that is, non-trivial paths from a vertex to

itself). Then for any simple representation S of @, there exists a unique vertex i such
that S = S(4).

Example 1.6.1. The finite dimensional simple representations of the Jordan quiver
are parametrised by the monic irreducible polynomials over k. More precisely, the
representation corresponding to such a polynomial Z?:o M\it' of degree d is the pair
(X, ¢) consisting of the vector space X = k% and the endomorphism ¢: X — X with
o(e;) = eiqq for 1 <i < d and ¢(eq) = Z?Zl —Ni—16€;.

1.7. Projective and injective representations. For each vertex i we define a pro-
jective representation P(i) and an injective representation I(1).

Given any set X we denote by k[X] the vector space with basis X, that is, k[X] is
the set of linear combinations Zp App with z, € X, A\, € k, and almost all A\, = 0.
For a map ¢: X — Y let k[¢]: k[X] — k[Y] be the linear map sending >, A\px;, to

Zp Ap®(@p).-
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Now define
P(i); = k[Q(,7)] and  P(i)a = k[Q(i, )]
for j € Qg and a € Q1. Dually, we define
I(i); = Dk[Q(j,i)] and I(i)o = DE[Q(c,1)].
Note that I(i) = DP(i) where P(i) refers to the projective representation of Q°P.
Lemma 1.7.1. Let X be a representation of Q. Then there are natural isomorphisms
Hom(P(i),X) = X; and Hom(X,I(i)) = DX;.

Proof. The isomorphism Hom(P(i), X) — X; sends ¢ to ¢;(¢;). Its inverse map sends
x € X; to the morphism ¢: P(i) — X with

$;(§) = Xe, ... Xg, ()

for a basis element £ =&, ... & of P(i);.
The second isomorphism Hom(X, I(i)) = DX; follows from the first using Lemma 1.5.1
since

Hom(X, I(i)) = Hom(X, DP(i)) = Hom(P(i), DX) = DX;. O

Lemma 1.7.2. (1) The representations P(i) (i € Qo) are pairwise non-isomorphic.
(2) The representations 1(i) (i € Qo) are pairwise non-isomorphic.

Proof. Fix two vertices 4, j and suppose P(j) = P(i). Then
koifj=i,
0 if j#1,

by Lemma 1.7.1. Thus j = i. The proof for the I(i) is analogous. O

k = 5(i); = Hom(P(2), S(2)) = Hom(P(j), 5(i)) = S(i); = {

Lemma 1.7.3. Suppose @ has no oriented cycles. Then P(i) and I(i) are finite dimen-
sional with End(P(i)) =2 k = End(I(1)).

Proof. If Q has no oriented cycle then Q(i, j) is finite for all pairs of vertices i, j because
the quiver is finite. We have

End(P(i)) = P(i); = k[Q(i,4)] = k
by Lemma 1.7.1, and a similar argument works for (7). O

Remark 1.7.4. The representation P(7) is a projective object in the sense that for every
epimorphism X — Y the induced map Hom(P(i),X) — Hom(P(i),Y) is surjective.
Dually, I(7) is an injective object in the sense that for every monomorphism X — Y the
induced map Hom(Y, I(i)) — Hom(X, I()) is surjective. This follows from Lemma 1.7.1.

2. DIRECT SUM DECOMPOSITIONS

In this section we consider finite dimensional representations. We show that each
representation decomposes essentially uniquely into indecomposable representations.
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2.1. Direct sums. Let X1,..., X, be a finite number of representations. A direct sum
X=X19... X,

is a representation X together with morphisms ¢;: X; — X andm;: X — X;for1 <i < r
such that 2221 yim; = idx and m;; = idy, for all 7. Note that we can identify each X;
via ¢; with a subrepresentation of X. Then we obtain

,
(2.1.1) X=) X; and X;N) Xy=0 for 1<i<nr

i=1 i
Here ), ; X; refers to the smallest subrepresentation of X containing X; for all i €
I. Conversely, if X1,...,X, is a family of subrepresentations of a representation X

satisfying (2.1.1) then X = X; @ ... ® X,. In that case we take for ¢;: X; — X the
inclusion morphism and let m; = (p;t;) " 'p;, where p;: X — X/ > 4 X, denotes the
canonical morphism.

A family of subrepresentations Xi,..., X, of X satisfying (2.1.1) is called a direct
sum decomposition of X. Note that one can check (2.1.1) point-wise for each vertex.
Thus we have a decomposition X = X; @ ...® X, if and only if we have a vector space
decomposition X; = (X1); @ ... ® (X,); for each vertex j.

Lemma 2.1.1. Let X =X1®... X, andY =Y1® ... ®Y,. Then we have induced
vector space decompositions

T S
&P Hom(X;,Y) = Hom(X,Y) = @5 Hom(X, Y;).
i=1 j=1

Proof. Let ¢ = Hom(¢;,Y) and 77 = Hom(m;,Y) for 1 < ¢ < r. Then we have
ST = idfom(x,y) and ¢; 7} = idgem(x,,y) for all ¢. This proves the first equality.
The argument for the second equality is analogous. O

It follows from Lemma 2.1.1 that a direct sum of Xji,...,X, is unique up to an
isomorphism. Thus we may speak of the direct sum and the notation X; @ ... ® X, is
well-defined. We write X" = X ®...® X for the direct sum of r copies of a representation
X.

A representation X is called indecomposable if X # 0 and X = X; & Xo implies
X 1 = 0 or X2 =0.

2.2. Fitting’s lemma. We fix a representation X and study the ring of endomorphisms
End(X).

Lemma 2.2.1. Let X be a representation and ¢ an endomorphism.

(1) For large enough r, we have X = Im ¢" @ Ker ¢".
(2) If X is indecomposable, then ¢ is either an automorphism or nilpotent.

Proof. Because X is finite dimensional, we may choose r large enough so that Im ¢" =
Im ¢t Thus ¢": Im¢" — Im ¢*" is an isomorphism and we denote by 1 its inverse.
Furthermore, let ¢t1: Im¢”™ — X and 1o: Ker¢” — X denote the inclusions. We put
T =9v¢o": X - Im¢" and mo = idx —v¢": X — Ker¢". Then t17 + tomy = idx and
miti = idx, for i = 1,2. Thus X = Im ¢" @ Ker ¢". Part (2) is an immediate consequence
of (1). O
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A ring is called local if the sum of two non-units is again a non-unit.

Proposition 2.2.2. A representation X is indecomposable if and only if End(X) is
local.

Proof. Let X be indecomposable and ¢, ¢’ € End(X). Suppose ¢ + ¢’ is invertible, say
p(p+ ¢') =idx. If ¢ is non-invertible then p¢ is non-invertible. Thus p¢ is nilpotent,
say (p¢)" =0, by Lemma 2.2.1. We obtain

(idx —p@)(idx +pd + ... + (pp)" ") = idx .

Therefore p¢’ = idx —p¢ is invertible whence ¢’ is invertible.
If X =X, & X with X; # 0 for ¢ = 1,2, then we have idempotent endomorphisms
g; of X with Ime; = X;. Clearly, each ¢; is non-invertible but idx = &1 + €s. O

The assumption on X to be finite dimensional is necessary.

Example 2.2.3. Let k[t] denote the polynomial ring in one variable and consider the
following representation of the Kronecker quiver.

t
X K[t /X k[t]
id
The endomorphism ring of X is isomorphic to k[t]. Thus X is indecomposable but
End(X) is not local.

2.3. The radical. Given a pair X,Y of representations, we define the radical

T¢o is non-invertible for every pair Z 5 X
Rad(X,Y) =4 ¢ € Hom(X,Y) - ) )
and Y — Z with Z indecomposable

Lemma 2.3.1. Let X,Y be a pair of representations.
(1) Rad(X,Y) is a subspace of Hom(X,Y).
(2) Rad(X,Y; @ Y2) = Rad(X,Y7) ® Rad(X, Ys).
(3) Rad(X1 @ X2,Y) = Rad(X1,Y) @ Rad(Xo,Y).
(4) If X and Y are indecomposable, then Hom(X,Y) \ Rad(X,Y) equals the set of
isomorphisms X — Y.

Proof. (1) Let ¢1,¢2 € Rad(X,Y). Choose 0 € Hom(Z, X) and 7 € Hom(Y, Z) with Z
indecomposable. Then 7¢10 and T¢o0 are non-invertible, and therefore 7(¢; + ¢2)o =
T¢10 + T¢o0 is non-invertible, since End(Z) is local by Proposition 2.2.2. Thus ¢1 + ¢
belongs to Rad(X,Y).

(2) Let Y = Y1 @Y, and ¢ = (¢;) € Hom(X,Y) with ¢; € Hom(X,Y;) for i = 1,2.
Choose 0 € Hom(Z, X) and 7 = (7;) € Hom(Y, Z) with Z indecomposable and 7; €
Hom(Y;, Z) for i = 1,2. Then 17¢0 = 1110 + Tap20.

If ¢; € Rad(X,Y;) for i = 1,2, then 7;¢;0 is non-invertible for i = 1,2, and therefore
T¢o is non-invertible, since End(Z) is local by Proposition 2.2.2. Thus ¢ belongs to
Rad(X,Y). Conversely, let ¢ € Rad(X,Y) and fix i € {1,2}. Then ¢; € Rad(X,Y;)
because we can put 7; = 0 for j # ¢ and have that 7;¢;0 = T¢o is non-invertible.

(3) Analogous to part (2).

(4) Let ¢ € Hom(X,Y) \ Rad(X,Y). Choose 0 € Hom(Z, X) and 7 € Hom(Y, Z)
with Z indecomposable such that 7¢o is invertible. Then o is invertible because X is
indecomposable, and 7 is invertible because Y is indecomposable. Thus ¢ is invertible.
It is clear that an isomorphism X — Y does not belong to Rad(X,Y). O
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2.4. The Krull-Remak-Schmidt theorem.

Theorem 2.4.1. Let X be a finite dimensional representation. Then there exists a
decomposition X = X' @...® X% with the X; pairwise non-isomorphic indecomposable
representations and each a; > 1. If X = Ylb1 © ... YD s is another such decomposition,
then r = s and, after reordering, X; 2Y; and a; = b; fori <i <r.

Proof. Induction on dimension shows that X decomposes into a finite direct sum of
indecomposable representations. Suppose that X = X{* & ... ® X2  is such a direct
sum decomposition with the X; pairwise non-isomorphic indecomposable representations
and each a; > 1. Let Y be indecomposable and consider

dim Hom(X,Y) — dimRad(X,Y)

dim Hom(Y,Y) — dimRad(Y,Y)
We see by Lemma 2.3.1 that this number equals a; if Y = X; (there is at most one such
i) and 0 otherwise. In particular, this number is independent of the decomposition. [

The Krull-Remak-Schmidt theorem says that the classification of finite dimensional
representations reduces to the classification of indecomposable representations. There is
a similar statement about morphisms between representations. Let X = X1 & ... ¢ X,
and Y =Y ®... DY be two representations with their decompositions into indecom-
posable representations. Then we have

Hom(X,Y) = @5 Hom(X;,Y;)
Z’7j
by Lemma 2.1.1. Thus each morphism ¢: X — Y can be written uniquely as a ma-
trix ¢ = (¢;;) where each entry ¢;;: X; — Yj is a morphism between indecomposable
representations.

3. REFLECTION FUNCTORS

In this section we introduce reflection functors. These functors form our basic tool
for classifying representations in terms of their dimension vectors.

3.1. Orientations. A vertex i of @ is called a sink (resp. source) if there is no arrow
in @ starting (resp. ending) at i.

Given any vertex i, the quiver ¢;@ is obtained from @ by reversing all arrows which
start or end at <.

An ordering i1, ..., i, of the vertices of () is called admissable if for each p the vertex
ip is a sink for oy, , ...0, Q. In that case we have
Ty - - -UilQ = Q

Lemma 3.1.1. There exists an admissable ordering of the vertices of Q if and only if
there is mo oriented cycle in Q).

Proof. We show one implication by induction on the number of vertices. So suppose @)
has no oriented cycle and let 7,, be the starting vertex of a path of maximal length. Then
in is a source and we remove it from ). There is an admissable ordering 1,...,i,_1
of the remaining vertices and we get an admissable ordering i1, ...,1%, of the vertices of

Q. O
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3.2. The Euler form. Let n = card Q9. The Euler form is the bilinear form

(=, =) Z" XZ" —Z with (z,9) =) @iy — 3 Tsa)Vi(a)-
1€Qo a€Q1

We obtain on Z" a symmetric bilinear form by defining

(3.2.1) (z,y) = (z,9) + (y, ).

Suppose that @ has no loops (that is, arrows from a vertex to itself). The reflection
with respect to a vertex i is by definition the map

2(x, e;
o;: 2" — Z" with oi(z) =2 — ( Z)ei
(ei, i)
where e; is the ith coordinate vector. It is easily checked that the o; are automorphisms

of order two preserving the bilinear form (—, —).
For the set Z" we use the partial order which is defined as follows:

r<y <<= z;<y; forall .

3.3. Reflection functors. Let i be a vertex of (). We define a pair of reflection functors
S and S; . To this end fix representations X, X’ of @ and a morphism ¢: X — X'.
(1) If the vertex i is a sink of @), then we construct

S:r Rep(Qa k) - Rep(aiQa k)

as follows. We define SfX =Y by letting Y; = X for a vertex j # 7, and letting Y; be
the kernel of the map £ = (X,) in the following sequence

Y @D Xow - X

a€eQ1
t(a)=i

where € denotes the inclusion map of the kernel. For an arrow « in Q, let Y, = X, if
t(a) #14, and Yo : Y; — X(o) = Yy(a) be the map ¢ followed by the canonical projection
onto X4 if #(a) = 4. For the morphism ngb = let Y; = ¢; if j # i and let
i Y; — Y/ be the restriction of the map

(st(a)): @ XS(a) - @ X;(a)'

acQq ac@Q
t(a)=i t(a)=1

(2) If the vertex i is a source of ), then we construct dually
S;: Rep(Q, k) — Rep(0,Q, k)

as follows. We define S;” X =Y by letting Y; = X; for a vertex j # 7, and letting Y; be
the cokernel of the map & = (X,) in the following sequence

Xi 5 @ Xy =V
acQn
s(a)=1

where f denotes the canonical map onto the cokernel. For an arrow o in Q,let Y, = X,
if s(a) # i, and Yy : Yy() = Xyo) — Vi be the restriction of £ to Xy, if s(a) = i. For
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the morphism S; ¢ = ¢ let ¢; = ¢; if j # i and let ¢;: Y; — Y/ be the map which is

induced by
(G1): P Xy — B Xy

a€Q acQ
s(a)=t s(a)=1

(3) Let i be a sink of ). Then we define a natural monomorphism
(3.3.1) LuX:S;SFX — X
by letting (1;X); = idx, for a vertex j # 4, and letting (:;X); be the canonical map
(S; S X); = Coker{ 2 Tm¢ — X.
(4) Let ¢ be a source of (). Then we define a natural epimorphism
(3.3.2) mX: X — StS;X
by letting (m;X); = idx, for a vertex j # 4, and letting (m; X ); be the canonical map
X; — Imé = Keré = (S5, X);.
Lemma 3.3.1. SZ-+ and S; are functors, that is, SZTJE idx = idsl_:tX for every represen-
tation X and Sli(wqb) = (Sziw)(SZiqb) for every pair ¢: X — Y and ¥:Y — Z of
morphisms.

Proof. Clear. O

Lemma 3.3.2. Let X, X' be representations of Q and i be a vertew.
(1) SF(X e X')=S X SFX'.
(2) X = (S; S;"X) @ Coker ;X and X = (S;7S; X) ® Kerm; X.
(3) If Coker ;X = 0, then dim S;" X = o;(dim X).
(4) If Kerm; X =0, then dim S; X = o4(dim X).

Proof. (1) Use that S is a functor satisfying S (¢ + 1) = S¢ + S for any pair of
parallel morphisms ¢, 1.

(2) The canonical map p}: X; — Coker¢ has a section p;: Coker{ — X;, that is,
pipi = idookere. This gives a morphism p: Coker ;X — X if we put p; = 0 for j #i. It
is clear that (; X : S, S;r X — X and p: Coker(; X — X give a direct sum decomposition
of X. The proof for X = (S;"S; X) ® Ker m; X is similar.

(3) If Coker ;X = 0, then we have

dimY; = > dim X, () — dim X;
a€Q1
t(a)=1
and dim Y; = dim X for j # ¢. Thus dimY = ¢;(dim X'). The proof of (4) is similar. [

Note that the representations Coker ¢; X and Ker m; X are concentrated at the vertex
i. Thus they are direct sums of copies of the simple representation S(7).

Lemma 3.3.3. Let i be a sink and X an indecomposable representation of QQ. Then the
following are equivalent:

(1) X 2 S().

(2) S;X is indecomposable.

(3) SHX #0.
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) S7STX = X.

) The map (Xo): @D acq) Xsa) — Xi is an epimorphism.
t(a)=1

) oi(dim X') > 0.

)

Proof. Apply Lemma 3.3.2. O

Remark 3.3.4. There is an analogue of Lemma 3.3.3 for a source of @ and the corre-
sponding functor S; .

The following theorem is a consequence and summarises the basic properties of the
reflection functors.

Theorem 3.3.5. The functors S’j and S; induce mutually inverse bijections between
the indecomposable representations of @ and the indecomposable representations of 0;Q),
with the exception of the simple representation S(i) corresponding to i, which is anni-
hilated by these functors. Moreover, dim SiiX = 0;(dim X) for every indecomposable
representation X not isomorphic to S(i).

3.4. Coxeter functors. Let Q be a quiver without oriented cycles and let iq,...,4, be
an admissable ordering of the vertices of (). The Cozeter functor with respect to this
ordering is the functor

ct = S;,: ) ..S:: Rep(Q, k) — Rep(Q, k).
We also define
C™=5; ...58;: Rep(Q,k) — Rep(Q, k).

i i
For r € Z we write 1
(CHr ifr >0,
C'=<1Id if r =0,
(CH)™ ifr<o.
Lemma 3.4.1. The functors C* and C~ do not depend on the choice of the ordering
of the vertices of Q.

Proof. First observe that S;" S;-L = Sfo if ¢ and j are sinks with respect to some
orientation and if both are not joined by an arrow. Now fix two admissable orderings

i1,...,0n and @},... 4, of the vertices of Q. Let ¢; = 4),. Then #},...,i, ; are not
joined to i1 by an arrow. Therefore
S+ + S+ S+S+
i S v S Sy
Applying a similar argument for 9, then 3, and so on, we obtain
+ + _ gt +
Si;l... i’l_Sin"'Sil' O
For simplicity we assume in the following that Qo = {1,...,n} with 1,...,n an

admissable ordering.

Lemma 3.4.2. Let i be a vertez.
(1) dim P(i) =01 ...04-1(€;) and dim I(i) = oy, ...0i11(ei).
(2) P(i)= S ...5_15(i) and I(i) = S} ...S7 5(i)



REPRESENTATIONS OF QUIVERS 11

Proof. We provide the proof for P(7); the proof for I(7) is dual.
(1) For 0 <[ < i one shows by induction that

l
(3.4.1) Oi—]-.- Ji_l(ei) = Z card Q(Z,Z — j)@i_j
Jj=0

in Z". For [ = i—1 we then obtain o7 ...0;_1(e;) = dim P(¢) because there are no paths
from ¢ to j in @ for j > i.

(2) We use the first part, in particular (3.4.1), and apply Lemma 3.3.3. An induction
yields for 0 <[ < ¢ that

dim Sl+ Ce Sf_P(l) =041 --- O'Z'_l(ei).
Thus S;" | ... 8] P(i) 2 S(i) and therefore P(i) = S; ... S;_;S(i). O

Proposition 3.4.3. Let X be an indecomposable representation of Q.
(1) CT*X =0 if and only if X = P(3) for some vertex i.
(2) C~X =0 if and only if X = (i) for some vertex i.

Proof. (1) We have P(i) = S; ...S;_;S(i) by Lemma 3.4.2. Now apply reflection func-
tors and use Lemma 3.3.3 to obtain

CtP(i)=S}...5+S(i) =0.

Conversely, CTX = 0 implies X = S ... S, ,5(¢) for some vertex i. Thus X = P(i).
The proof of (2) is analogous. O

3.5. Preprojective and preinjective representations. Let () be a quiver without
oriented cycles. We introduce three classes of representations.

Definition 3.5.1. Let X be an indecomposable representation of Q.
(1) X is preprojective if X = C"P(i) for some vertex i and some r < 0.
(2) X is preinjective if X = C"I(i) for some vertex i and some 7 > 0.
(3) X is regular if C"X # 0 for all r € Z.

Note that X is preprojective if and only C"X = 0 for some r > 0, and X is prein-
jective if and only C"X = 0 for some r < 0. This is an immediate consequence of
Proposition 3.4.3.

Proposition 3.5.2. An indecomposable representation is preprojective, preinjective or
reqular. Given indecomposable representations X, Y with X preprojective or preinjective,
we have X 2Y if and only if dim X = dimY. Moreover,

(1) C"P(i) 2 C*P(j) # 0 implies i = j and r = s;
(2) C"I(i) =2 C%I(j) # 0 implies i = j and r = s.

Proof. The first assertion is an immediate consequence of Proposition 3.4.3. For the rest
we use reflection functors, in particular Lemma 3.3.3. Suppose dim X = dimY and let
X be preprojective, say X = C"P(i). We know dim P(¢) from Lemma 3.4.2 and have
therefore

dimY = (o, ...01)"01...0i-1(€).
Using reflection functors we obtain S;" ;... 8] C~"(Y) = S(i) and this gives

Y = C"Sy ... S5 ,S(i) = C"P(i) = X.
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The proof for preinjective X is analogous.

(1) If C"P(i) =2 C*P(j) # 0 then P(i) & C*"P(j) and therefore s —r < 0 by
Propopsition 3.4.3. The same argument gives r — s < 0 whence r = s. We obtain that
P(i) = P(j) and this implies ¢ = j by Lemma 1.7.2. The proof of (2) is analogous. [

4. DYNKIN AND EUCLIDEAN DIAGRAMS

A finite graph arises from a quiver when one forgets the orientation of its arrows. In
this section we classify finite graphs using properties of quadratic forms. For graphs of
Dynkin or Euclidean type we study the corresponding root systems.

4.1. Finite graphs. Let I" be a finite graph with set of vertices {1,...,n}. The finite
number of edges joining two vertices ¢ and j is denoted by d;; = dj;. The graph T’
induces a symmetric bilinear form

L) ZM X TN 7 with (eq,e;) =
=) 2 with (o)) {Q—Qdu‘ iti = j,

where e; is the ith coordinate vector, and a quadratic form
q:Z" — Z with q(z Zx? — Zdwxﬂj
1<j

Note that I', (—,—) and ¢ determine each other, since ¢(z) = %(m,m) and (z,y) =
q(z +y) — q(x) — q(y). The radical of the form ¢ is by definition the set

radg={ze€Z" | (z,—) =0}.
A vector x € Z™ is sincere if x; # 0 for all 4.

Remark 4.1.1. Let @ be a quiver whose underlying graph is I". Then the symmetric
bilinear form (3.2.1) for @ coincides with the one defined for T'.

Definition 4.1.2. Let ¢: Z" — 7Z be a quadratic form.

(1) q is positive definite if g(x) > 0 for all non-zero x € Z".
(2) q is positive semi-definite if g(x) > 0 for all z € Z™.

Lemma 4.1.3. Let I' be connected and y € Z" be a positive radical vector. Then y is
sincere and q is positive semi-definite. For x € Z" we have

() =0 <= € Qy < z eradq.
Proof. The assumption on y yields

(4.1.1) 0=(ey) = (2—2diw)ys — Y _diyy; for 1<i<n.
JFi

If y; = 0 then Z#i d;jy; = 0, and since each term is non-negative we have y; = 0
whenever ¢ and j are joined by an edge. It follows that y = 0 since I' is connected.
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This is a contradiction and therefore y is sincere. The next calculation shows that ¢ is
positive semi-definite. For x € Z™ we have

q(a:) = Z( - Qdu z «T - Zdwl‘ll‘]

% 1<j
= Z diﬂ B Z dijriv;
1#£] yz 1<j
— Z dij o Z dija;xj + Z dz] 2
i<j i<j i<j
s 2
= Zdia‘yg/j (4 -7) =0,
i<i Yi Yj
where the second equality follows from (4.1.1). If ¢(x) = 0 then 7t = yj whenever there
is an edge joining ¢ and j. Thus x € Qy since I is connected. If x € Qy then x € radq
since y € rad g by assumption. Finally, x € rad ¢ implies ¢(z) = 0. O

4.2. The classification. We list the Dynkin and Euclidean diagrams.

Dynkin diagrams (with n vertices).
o

A, O—O0o—::++—0—20 FEs 0O—oO0—0——0——0
o
o E5 0—0—0—0—0—0
N
D, O—+++—0 ——0 o
/
o Eg O—O—g—O—O—O—o

Euclidean diagrams (with n = m + 1 vertices). Each vertex i is marked with the value
0; of a vector 6 € Z™. Let m > 0 for A,, and m > 4 for D,,

1
|
1—--—1 2
A 1/ \1 E 1 2 é 2 1
, I P
m \ /
1—-—1 2
B \
1 1 FB 1—2—3—4—3—2—1
5 N e
D, 2— - —29 3
/ \ 3 |
1 1 By 2—4—6—5—4—3—2—1

Theorem 4.2.1. Let I" be a connected graph and q the corresponding quadratic form.
(1) T is a Dynkin diagram if and only if q is positive definite.
(2) T is a Euclidean diagram if and only if q is positive semi-definite but not positive
definite. In that case there is a unique positive vector 6 € Z"™ with rad q = ZJ.

Proof. We proceed in three steps.
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Step 1. IfI' is Euclidean then q is positive semi-definite and rad ¢ = ZJ. The assertion
follows from Lemma 4.1.3 once we have shown that § is a radical vector. This is done
by inspection. If I' has no loops or multiple edges we need to check that

n
0=(e;,0) =26 — »_ & for 1<i<m,
j=1
dij#0
Finally, since some 9; = 1 we have
radg = QéNZ" = Z6.

Step 2. If T' is Dynkin then q is positive definite. This follows from the first part
because there exists a Euclidean diagram T such that I' is obtained by deleting some
vertex e. For T’ we have g(x) > 0 for every non-zero vector z with z, = 0.

Step 3. If I' is not Dynkin or Euclidean then q(z) < 0 for some x € Z"™. It is not
difficult to find a Euclidean subgraph IV with radical vector §. Put x = ¢ if the vertices
of I" and T coincide. Otherwise let i be a vertex of I' \ I, but connected with I by an
edge, and take z = 26 + ¢;.

O

4.3. Roots. We define
A={zez"|qx)<1)

and a non-zero element of A is called root.

Proposition 4.3.1. Let I be Dynkin or Fuclidean.

(1) Each e; is a root.

(2) If x € A and y € rad q, then —x,x +y € A.
(3) Ewvery root is positive or negative.

(4) If T is Euclidean then A/radq is finite.

(5) If ' is Dynkin then A is finite.

Proof. (1) Clear.

(2) We have q(y £ z) = q(y) + q(z) £ (y, ) = q().

(3) Let = be a root and write x = 27 — 2~ where 2+, 2~ > 0 and both have disjoint
support. Then (z,27) < 0 and

1> q(z) =q(@™) +q(@”) — (a",27) 2 qa™) +q(z7) 2 0.

This implies g(z7) = 0 or g(x~) = 0. Thus one of ™ and z~ is sincere if we assume
that both vectors are non-zero. This is a contradiction and therefore x is positive or
negative.

(4) Fix a vertex e. If z is a root with x. = 0, then § — x and 0 + z are positive at e.
Both vectors are roots by (2) and therefore positive by (3). Thus

{reA|lze=0}C{zeZ"| -0 <x<d}

which is a finite set. If z € A then 2 — x.d belongs to the finite set {z € A | z. = 0}.
(5) There exists a Euclidean diagram I' such that I' is obtained by deleting some

vertex e. A root z of I' can be viewed as a root for ' with z. = 0. Thus the result
follows from (4). O
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Lemma 4.3.2. Let QQ be a quiver whose underlying graph is Dynkin or Fuclidean. If x
is a positive root and o;(x) is not positive, then x = e;.

Proof. The root o;(z) is non-positive by assumption and therefore negative by Propo-
sition 4.3.1. For each vertex j # i we have o;(x); = x; and therefore x; = 0. Thus
T = e,;. O

4.4. The Coxeter transformation. Let () be a quiver without oriented cycles and fix
an admissable ordering i1, ...,1, of its vertices. The automorphism
c: 2" — 7" with c¢(z) =0y, ...04(2)

is called Cozxeter transformation. The next lemma shows that ¢ does not depend on the
numbering of the vertices.

Lemma 4.4.1. (1) ¢(dim P(i)) = —dim (i) for every vertez i.
(2) {dim P(7) | i € Qo} and {dim I(7) | i € Qo} form two bases of Z™.

Proof. (1) We simplify the labeling of the vertices and let i; = j for 1 < j < n. Then
dim P(i) = 01 ...0i—1(e;) by Lemma 3.4.2 and we get

c(dim P(Z)) =Ccoq1... oi_l(ei) =O0Op... oi(ei) = —Op... 0i+1(ei) = —dim I(Z)
(2) We have
e;=dimP(i) — >  dimP(t(a)) = dimI(i) — Y dimI(s(a)). O
ac@Q1 ac@r
s(a)=i t(a)=i

Lemma 4.4.2. Let x,y € 7Z".
(1) (dim P(i),z) = x; = (x,dim I(2)) for each vertez i.
(2) (@,9) = ={y, c(2)) = {e(), ¢(y))-
Proof. (1) It is sufficient to check this for each standard basis vector = = e;.

(2) It is sufficient to check this for x = dim P(j) where j runs through all vertices;
see Lemma 4.4.1. Using (1) and Lemma 4.4.1 we get

(dim P(j),y) = (y,dim I(j)) = (y, —c(dim P(j))). O
Lemma 4.4.3. Let x € Z". Then c(z) = = if and only if x € radq.

Proof. We have c(z) = z iff x; = c¢(x); = oi(x); for all i iff (x,e;) = 0 for all 7 iff
(x,—)=0. O
From now on we assume that the underlying graph of @) is Dynkin or Euclidean. The

map c induces a permutation of the finite set A/rad g. Thus c” is the identity on A /rad q
for some h > 0. In fact, " is the identity on Z"/rad q since e¢; € A for all i.

Lemma 4.4.4. Let Q) be of Dynkin type and x € Z™. Then there exists r > 0 such that
c"(z) is not positive.

Proof. The vector y = Zh_é ¢"(x) is fixed by ¢, and hence y = 0 by Lemma 4.4.3. Thus

r=
¢"(x) is not positive for some r > 0. O

Lemma 4.4.5. Let Q be of Fuclidean type and x € 7.
(1) If ¢"(z) > 0 for all v € Z then cM(x) = .
(2) If c(z) = x then (6,2) = 0.
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Proof. (1) Suppose c®(x) = x + v for some non-zero v € rad ¢q. An induction shows that
dM(z) = x + lv for all I € Z. Thus one finds r such that ¢"(z) is not positive since the
vector v is sincere and positive or negative.

(2) The vector y = Zf};& c"(x) is fixed by ¢, and hence y € Z6 by Lemma 4.4.3. Now

h—1
0= (3,y) =D (5" (2)) = h(6, )
r=0
since c preserves the Euler form by Lemma 4.4.2. Thus (4, z) = 0. O

5. FINITE REPRESENTATION TYPE

In this section we prove Gabriel’s theorem. For quivers of Dynkin or Euclidean type
we classify indecomposable representations in terms of their dimension vectors.

5.1. The Dynkin case.

Theorem 5.1.1 (Gabriel). Let Q be a quiver whose underlying graph is a Dynkin di-
agram. Then the assignment X — dim X induces a bijection between the isomorphism
classes of indecomposable representations of Q and the positive roots corresponding to
the diagram of Q). In particular, there are only finitely many isomorphism classes of
indecomposable representations.

Proof. Choose an admissable ordering i1, ...,%, for the vertices of (). Suppose X is an
indecomposable representation of ) with dimension vector x = dim X. Let
T=0i,...04(0i, ..04)"

be the shortest expression such that 7(z) is not positive, which exists by Lemma 4.4.4.
Now we apply the reflection functors and use Lemma 3.3.3 to obtain

S’:q ...SZ(S;;...SZ)TX = S(is)
and therefore
X=(S,...8 )S ...S" 15(2'5).

i1 is
Thus
dim X = (Ui1 Ce O'Z‘n)TO'Z‘1 . O-isfl(eis)
is a positive root. The same argument shows for another indecomposable representation
X’ with dim X’ = dim X that X’ = X.
Now suppose x is a positive root. Let
T=0i...04(0i, ...04)"
be the shortest expression such that 7(z) is not positive, which exists by Lemma 4.4.4.
We infer from Lemma 4.3.2 that
Ojg_1-+--044 (Uin ce O'il)r<$) = €4,
Let
X = (8, ---8;,)"S;, -8 S(is).
Another iterated application of reflection functors shows that X is indecomposable with
dimX = (04, ...04,) 04, ...0i,_,(€i,) = .
There are only finitely many isomorphism classes of indecomposable representations
because the number of roots is finite by Proposion 4.3.1. 0
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Remark 5.1.2. The proof of Theorem 5.1.1 shows that for a quiver of Dynkin type
all indecomposable representations are preprojective and preinjective. In fact, the proof
simplifies a bit if one uses Coxeter functors.

Remark 5.1.3. Given a graph I'" without loops, the corresponding Weyl group W (T')
is the group of automorphisms of Z™ which is generated by the reflections o;. If ' is a
Dynkin diagram then the roots are precisely the vectors of the form 7(e;) with 7 € W(T")
and 1 < i < n. Clearly, each 7(e;) is a root since the o; preserve the quadratic form q.
Conversely, let g(x) = 1. Then the argument used in the proof of Theorem 5.1.1 shows
that z is of the form 7(e;).

5.2. The defect. Let @ be a quiver of Euclidean type. The defect of a vector x € Z"
is

Oxr = (0, z) = —(z,9).
The defect of a representation X is 0X = ddim X.

Proposition 5.2.1. Let X be an indecomposable representation.
(1) X is preprojective if and only if 0X < 0.
(2) X is preinjective if and only if 0X > 0.
(3) X is reqular if and only if 0X = 0.

Proof. First observe that for every representation X with C"X # 0 we have
dimC"X = ¢"(dim X)
by Lemma 3.3.3. Now let X = C"P(i) be preprojective. Then
0X = —(c"(dim P(i)),d) = —(dim P(7),0) = —0; < 0

by Lemmas 4.4.2 and 4.4.3. Similarly preinjectives have positive defect. If X is regular
then 0X = 0 by Lemma 4.4.5. 0

5.3. The Euclidean case.

Theorem 5.3.1. Let Q) be a quiver without oriented cycles and suppose the underlying
graph is a Euclidean diagram with n vertices. Then the assignment X — dim X induces
a bijection between the isomorphism classes of indecomposable preprojective or preinjec-
tive representations of Q) and the positive roots with non-zero defect corresponding to
the diagram of Q. The preprojective and preinjective indecomposables form 2n count-
ably infinite series C~"P(i) and C"I(i) (r € Ng,i € Qo) of pairwise non-isomorphic
representations.

Proof. Choose an admissable ordering i1, ...,i, for the vertices of (). Suppose X is
an indecomposable representation of () with dimension vector x = dim X. Let X =
C"P(is) be preprojective. We have dim P(is) = oy, ...04, ,(e;,) by Lemma 3.4.2 and
therefore x = "oy, ... 0, ,(e;,) by Lemma 3.3.3. This is a positive root, and dz < 0 by
Proposition 5.2.1. A similar argument works if X is preinjective. The map X +— dim X
is injective by Proposition 3.5.2.

Now suppose x is a positive root with dx # 0. We know from Lemma 4.4.5 that c!(x)
is not positive for some t € Z. Suppose first ¢ > 0. Then there are 1 < s <nandr >0
such that

T=0i...04(0i, ...04)"
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is the shortest expression with 7(x) not positive. We infer from Lemma 4.3.2 that
Ojg_1+-+--044 (Uin NN Uil)r(l‘) = €4,

Let
X = (S;1 S»*)"SZ-:...S;AS(@'S).

T
An iterated application of reflection functors and Lemma 3.3.3 shows that X is inde-
composable with

dim X = (Uil .. .O'in)TO'il e aisfl(eis) =X.

Moreover, X is preprojective since X = C7"P(is) by Lemma 3.4.2. In case t < 0 a
similar argument gives a preinjective representation X with dim X = z.

Finally we show that the preprojectives and preinjectives form 2n countably infinite
series of pairwise non-isomorphic representations. This follows essentially from Propo-
sition 3.5.2. It remains to show that C~"P(i) # 0 and C"I(i) # 0 for all » > 0. But
this follows from Poposition 3.4.3 because C~"P(i) = 0 would imply that P(i) is prein-
jective, contradicting the fact that preprojectives and preinjectives have different defect
by Proposition 5.2.1. A similar argument works for C"I(3). O

Proposition 5.3.2. Let () be a quiver of Fuclidean type A, withn > 0. Then there are
infinitely many isomorphism classes of indecomposable representations.

Proof. We allow any orientation, in particular an oriented cycle, and fix an arrow «g.
Now we define for each p > 1 a representation X = X (p) as follows. Let X; = kP for
each vertex i, let X,, = J(p,0) be the Jordan block of size p with eigenvalue 0 and let
Xo = idge for every arrow o # ap. Then End(X (p)) = k[t]/(t?) and therefore X (p) is
indecomposable. O

Remark 5.3.3. Let @ be a quiver of Euclidean type. There is an explict description
of all regular indecomposable representation. For example, if Q) is the Kronecker quiver
and the field k is algebraically closed, then the regular indecomposable representations
R(n,\) are indexed by integers n > 1 and points A = (A\g : A1) of the projective line
P!(k). For instance, we have the representation

J(n,\o)
R(n,\): k™ :dikn for A= (No:1),

where J(n, \g) denotes the Jordan block of size n with eigenvalue Ag.

Corollary 5.3.4 (Gabriel). Let Q be a connected quiver. Then there are only finitely
many isomorphism classes of indecomposable representations if and only if the underly-
ing graph is a Dynkin diagram.

Proof. If @) is of Dynkin type then the classification of the indecomposable representa-
tions in Theorem 5.1.1 shows that there are only finitely many. If ) is not of Dynkin
type then @) has a Euclidean subquiver Q' which has infinitely many indecomposable
representations by Theorem 5.3.1 and Proposition 5.3.2. Each representation X of @’
can be extended to a representation of @) by letting X; = 0 and X, = 0 for all ¢ € @)y and
a € Q1 not in @’. Thus @ has infinitely many pairwise non-isomorphic indecomposable
representations. U
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6. IRREDUCIBLE MORPHISMS

In this section we investigate the morphisms between two representations using the
concept of an irreducible morphism. The irreducible morphisms play the role of genera-
tors and we obtain a combinatorial description of all morphisms between preprojective
representations.

Throughout this section () denotes a quiver without oriented cycles.

6.1. The radical. Let X,Y be a pair of representations. Recall from Section 2.3 that
the radical Rad(X,Y") is a subspace of Hom(X,Y"). We extend this definition recursively
for each n > 0 as follows. Let Rad’(X,Y) = Hom(X,Y) and for n > 0 let Rad"(X,Y)
be the set of morphisms ¢ € Hom(X,Y") which admit a factorisation ¢ = ¢”¢' with ¢’ €
Rad(X, Z) and ¢ € Rad""}(Z,Y) for some representation Z. Note that Rad'(X,Y) =
Rad(X,Y).

Lemma 6.1.1. Let X,Y, Z be representations and m,n > 0.
(1) Rad"™(X,Y) is a subspace of Rad™(X,Y).
(2) For each finite set of representations X; and Y; we have

Rad"(EP X, PY;) = PRad"(X,,Y5).
( J 2

(3) If ¢ € Rad™(X,Y) and ¥ € Rad™(Y, Z), then ¥¢ € Rad"t™ (X, Z).
Proof. Use Lemma 2.3.1. U

6.2. Irreducible morphisms. Fix a morphism ¢: X — Y between two representa-
tions.

The morphism ¢ is called split monomorphism if there exists ¢': Y — X with ¢/¢p =
idx, and ¢ is called split epimorphism if there exists ¢”: Y — X with ¢¢” = idy.

The morphism ¢ is called irreducible if ¢ is neither a split monomorphism nor a
split epimorphism and if for any factorisation ¢ = ¢”¢’ the morphism ¢’ is a split
monomorphism or the morphism ¢” is a split epimorphism.

Lemma 6.2.1. An irreducible morphism is a monomorphism or an epimorphism.

Proof. Let ¢: X — Y be irreducible. Consider the canonical factorisation X — Im ¢ —
Y. If X — Im ¢ is a split monomorphism then ¢ is a monomorphism. If Im¢ — Y is a
split epimorphism then ¢ is an epimorphism. O

Lemma 6.2.2. Let ¢: X — Y be a morphism between two representations.

(1) If X is indecomposable, then ¢ € Rad(X,Y") if and only if ¢ is not a split mono.

(2) If Y is indecomposable, then ¢ € Rad(X,Y") if and only if ¢ is not a split epi.

(3) If X and Y are indecomposable, then ¢ € Rad*(X,Y) \ Rad?(X,Y) if and only
if ¢ is irreducible.

Proof. (1) We apply Lemma 2.3.1. Let Y = @._,Y; be a decomposition into inde-
composable represenations. Then Rad(X,Y) = @;_, Rad(X,Y;) and we have ¢ €
Rad(X,Y) if and only if each component ¢; belongs to Rad(X,Y;). Thus ¢ ¢ Rad(X,Y")
if and only if ¢; is an isomorphism for some ¢ if and only if ¢ is a split monomorphism.
(2) This is the dual statement of (1).
(3) Combine (1) and (2). O
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We define for indecomposable representations X, Y
Irr(X,Y) = Rad'(X,Y)/Rad?*(X,Y).
Remark 6.2.3. Let ¢: X — Y be an irreducible morphism between indecomposable

representation and let Y/ = Y@Y. Then the morphism (¢, ¢): X — Y is not irreducible
but belongs to Rad!(X,Y”) \ Rad?(X,Y”).

Proposition 6.2.4. Let X,Y be indecomposable representations and Rad™(X,Y) =0
for somen. Then every non-isomorphism X — Y is a sum of compositions of irreducible
morphisms between indecomposable representations.

Proof. Suppose ¢ is not irreducible. Because ¢ is not an isomorphism, there exists a fac-
torisation ¢ = ¢"¢’ with ¢’ € Rad(X, Z) and ¢” € Rad(Z,Y") for some representation Z
by Lemma 6.2.2. Let Z = @;_, Z; be a decomposition into indecomposable representa-
tions. Then ¢ =7, ¢/ ¢} with ¢/ € Rad(X, Z;) and ¢/ € Rad(Z;,Y) for all i. Next we
factorise each non-irreducible ¢} and each non-irreducible ¢! into a composition of two
radical morphisms. We continue and obtain in each step a finite sum ¢ = ), ¢, . .. di1
of compositions of radical morphisms between indecomposable representations. This
process stops and all ¢;; are irreducible because a composition of n radical morphisms
is zero by our assumption on X and Y. O

6.3. The Harada-Sai lemma. The length ¢(X) of a representation X is the maximal
number n such that there exists a chain of subrepresentations

0=X,C...CX1C Xo=X.

Note that we have {(X) = ;.o dim X; and £(X) = £(U) + {(X/U) for every subrep-
resentation U C X.

Lemma 6.3.1 (Harada-Sai). Let ¢;: X; — X1 with 1 < i < 2" — 1 be a family of
non-isomorphisms between indecomposable representations satisfying £(X;) < n for all
i. Then ¢2n,1 e qf)l = 0.

Proof. We show by induction that the length of the image of ¢om_1...¢1 is at most
n —m. This is clear for m = 1 since ¢ is not an isomorphism. Let ¢ = ¢om-1_1 ... ¢1,
¢ = ¢om-1, and ¢ = pam_; ... pom-1,;. By the inductive hypothesis, the length of Im ¢’
and Im ¢” is at most n —m+ 1. The assertion follows if either is strictly less. So suppose
the images of ¢',¢"” and ¢”¢¢’ each has length n — m + 1. Then Ker(¢”¢) NIm ¢’ = 0
and Ker ¢” N Im(¢p¢’) = 0. On the other hand, we have

((Xgmo1) = E(Ker(6"6)) + (Im(6"6)) = €(Ker(6"6)) + ((Im &),
UKot 1) = ((Ker ") + ((Im ¢) = (Ker ¢") + £(Tm(66)).
Therefore Xom-1 = Ker(¢"¢) ® Im¢’ and Xom—1,; = Ker¢” @ Im(¢p¢’). Since each

is indecomposable, ¢”¢ is a monomorphism and ¢¢’ is an epimorphism. Thus ¢ is an
isomorphism, contrary to hypothesis. O

Proposition 6.3.2. Suppose the length of every indecomposable representation is bounded
by n. Then Rad? *1(X, Y) =0 for every pair X, Y of representations.

Proof. We may assume that X and Y are indecomposable, by Lemma 6.1.1. An induc-
tion shows that any morphism in Rad”(X,Y") can be written as a finite sum ), ¢sr . .. ¢s1
of compositions of radical morphisms between indecomposable representations. Thus
Rad®"~!(X,Y) = 0 by Lemma 6.3.1. O
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6.4. Irreducible morphisms between indecomposable projectives. Given a pair
1,7 of vertices, each arrow «: ¢ — j induces a morphism

a*: P(j) — P(i) with o =k[Q(e,1)] (I € Qo).

Note that o* is a monomorphism since each map Q(«, ) is injective. Taking all arrows
starting at i (resp. ending at j) we obtain two morphisms

o) @ P() YL PG and 1(): PG) L @ P

a: i—d/ a: j'—j

Lemma 6.4.1. The morphism o(i) is a monomorphism and its image is the unique
maximal subrepresentation of P(i).

Proof. This is a direct consequence of the definition of P(i). Note that a subrepresen-
tation X C P(i) equals P(i) if and only if the trivial path &; belongs to Xj. O

Lemma 6.4.2. For a morphism ¢: X — P(i) the following are equivalent:
(1) ¢ € Rad(X, P(i)).
(2) ¢ is not an epimorphism.
(3) ¢ admits a factorisation ¢ = o(i)¢’.

Proof. (1) < (2): We have ¢ € Rad(X, P(i)) if and only if ¢ is not a split epimorphism,
by Lemma 6.2.2. Thus we need to show that every epimorphism is a split epimorphism.
So let ¢ be an epimorphism. Then the map ¢; is surjective and we find z € X; with
¢i(r) = . Tt follows from Lemma 1.7.1 that there is a morphism ¢': P(i) — X
corresponding to x. Then we have ¢¢’ = id p(i) and therefore ¢ is a split epimorphism.

(2) & (3): Apply Lemma 6.4.1. O

Lemma 6.4.3. Let i be a vertex and X an indecomposable representation.

(1) If X — P(i) is an irreducible morphism then there is an arrow i — j such that
X = P(j).

(2) Suppose P(i) is simple. If P(i) — X is an irreducible morphism then there is
an arrow j — i such that X = P(j).

Proof. (1) Let ¢: X — P(i) be irreducible. Then ¢ € Rad(X, P(i)) by Lemma 6.2.2
and we obtain a factorisation ¢ = o(i)¢’ by Lemma 6.4.2. The morphism o (%) is not a
split epimorphism and therefore ¢’ is a split monomorphism. Thus X = P(j) for some
arrow i — j.

(2) Let ¢: P(i) — X be irreducible. We claim that ¢ factors through 7(7). First
observe that X % P(i) = S(¢). This implies

(Xa)
§: @ Xy — X
o il—i
is an epimorphism, by Lemma 3.3.3. We obtain the following commutative diagram

@, . Hom(P(i'), X) == Hom(€B,. , _, P(i"), X) =08, Hom(P(i), X)

g !

D Xy X;
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where the vertical maps are taken from Lemma 1.7.1. Thus Hom(7 (i), X) is surjective
and therefore ¢ factors through 7(7). Let ¢ = ¢'7(i) be a factorisation. The morphism
7(#) is not a split monomorphism and therefore ¢’ is a split epimorphism. Thus X = P(5)
for some arrow j — 1. U

We denote by Q1(i,7) the set of arrows i — j in Q.

Lemma 6.4.4. The map sending an arrow «: i — j to o induces an isomorphism

f k[Q1(3, 5)] = Trx(P(j), P(3)).
Proof. The map f is well-defined because for each arrow «: ¢ — j the morphism a*
belongs to Rad(P(j), P(i)) and induces therefore an element of Irr(P(j), P(7)).

To show that f is an epimorphism choose a radical morphism ¢: P(j) — P(i).
Then ¢ admits a factorisation ¢ = o(i)¢’ by Lemma 6.4.2. Let ¢ = (¢.) with
¢r, € Hom(P(j), P(t(a))). If t(a) = j then we have ¢;, = A\nidp(;) for some A, € k
because End(P(j)) = k by Lemma 1.7.3. If t(«) # j then ¢/, € Rad(P(j), P(t(«))). It
follows that f(3_,ecq, (i) )\C;a) and ¢ represent the same element in Irr(P(j), P(7)) since
¢ — Zate(m) Aae™ € Rad®(P(j), P(i)).

To show that f is a monomorphism choose x = }_ ¢, (; j) Aact With f(z) = 0. Thus
0 = > acqi(i,j) Nat” belongs to Rad?(P(j), P(i)) and there is a factorization 6 = ¢
such that ¢ and v are radical morphisms. We obtain a second factorisation ¢ = o ()¢’
by Lemma 6.4.2 and consider ¢'¢: P(j) — @,. ;s P(i'). Then (¢')a = Ao idp( if
t(a) = j, and (¢'1))o = 0 if t(x) # j, since

Yo daet=0()gh =Y o (@¥)a
a€Q1(i,5) a: i—i
and o (i) is a monomorphism. This implies A, = 0 for all a: i — j since ('), is a
radical morphism. Thus f is a monomorphism. U

Lemma 6.4.4 shows that for each arrow « the morphism «* is irreducible.

6.5. More irreducible morphisms. We fix an arrow «: i — j in ) and construct
another irreducible morphism

ay: P(i) — C™P(j)
as follows. We may assume that 1,...,n is an admissable numbering of the vertices of Q).
Let a: j — i be the arrow in Q = 01 ... 01Q corresponding to . This induces the mor-
phism &*: P(i) — P(j) between representations of Q and we define o, = S7 ... S,_;a".
Note that we can identify P(i) = Sy ...S; ,P(i) and C~P(j) = Sy ...S;_P(j) by
Lemma 3.4.2, since P(i) = S(i) and P(j) = S; ... S:_,S(j).

6.6. Reflection functors and morphisms.

Lemma 6.6.1. Let i be a sink and X,Y indecomposable representations not isomorphic
to S(i). Then S;" induces isomorphisms

Rad™(X,Y) = Rad™(S;"X,S;Y) for n>0.

In particular, SZ-+ induces an isomorphism Irr(X,Y) = Irr(S;’X, S;”Y).
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Proof. We use the natural morphism ¢;Z: S; S;*Z — Z (3.3.1) which is defined for
any representation Z; it is a split monomorphism by Lemma 3.3.2. Thus we can
identify S;S;FX = X and S;S;FY = Y. Using this identification the inverse for
Hom(X,Y) — Hom(S;"X,S;'Y) sends ¢ € Hom(S; X, S;Y) to S; ¢. Now fix ¢ €
Hom(X,Y). Clearly, ¢ is an isomorphism if and only if S;"¢ is an isomorphism. Thus
S;r induces a bijection

Rad!(X,Y) = Rad!(S; X, S;"Y).

Next we suppose ¢ € Rad”(X,Y) and n > 1. Then ¢ admits a factorisation ¢ =
#"¢' with ¢’ € Rad'(X,Z) and ¢" € Rad" (Z,Y) for some representation Z. We
know by induction that S;"¢’ € Rad'(S;" X, S;"Z) and ¢” € Rad" !(S;" Z, $;Y). Thus
St¢ € Rad™(S;" X, S;'Y). The same argument shows that S; maps Rad"(S;" X, S;"Y)
to Rad™(X,Y’). This establishes for all n > 1 the isomorphism

Rad™(X,Y) = Rad"(S;" X, S;"Y). O

Proposition 6.6.2. If X is an indecomposable preprojective or preinjective representa-
tion then End(X) = k.

Proof. Combine Lemmas 1.7.3 and 6.6.1. O

Proposition 6.6.3. Let X = C"P(i) and Y = C*P(j) be two indecomposable prepro-
jective representations. Then we have

k@104, )] ifr=s,
Ir(X,Y) = Ck[Q1(3,5)] ifr=s+1,
0 otherwise.

The isomorphism sends an arrow «: j — i to C"a™ and B: i — j to C" .

Proof. Suppose there exists an irreducible morphisms X — Y.
Let r <s. Then C"*P(i) # 0 and we have

Ie(X,Y) & Ire(C"* (i), P(j)) 2 k[Q1(4. 7))

where the first isomorphism follows from Lemma 6.6.1, and the second follows from
Lemmas 6.4.3 and 6.4.4. In particular, r = s.

A similar argument works if » > s. Then C*7"P(j) is an indecomposable and non-
projective representation. We may assume that 1,...,n is an admissable numbering of
the vertices of @ and we have

Irr(X,Y) = Irr(P(2), C*™ TP( /)
>~ Trr(Sy . 1S(0), 87 .. 848 . S, eSS 8(3)))
= Irr(P(i ) ~( ‘)) & k[Ql(@ Pl
where P(i) = S(i) and P(j) = S; .. .S;_15(j) denote the indecomposable projective
representations of ) = g;_1...01Q corresponding to ¢ and j respectively. In particular,
r=s+41.

It is clear that this argument can be reversed. Thus we have a necessary and sufficient
criterion for the existence of irreducible morphisms X — Y. O
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6.7. Morphisms between preprojective representations. We define a new quiver
I" as follows. Let
I'y = {Z[T] | 1€ Q(),T S Z}
For each arrow a: ¢ — j in @) and r € Z we have in I" a pair of arrows
a[r]: jlr] —i[r] and au[r]: ir] — j[r —1].
Thus
M ={a*[r] |a€Qi,r € ZY U{au[r] |« € Q1,r € Z}.
Observe that there exists a chain of irreducible morphisms
C" P(ir) — C™Plin) —» -+ — C"Plin)
if and only if there is a path
i1[r1] — dafre] — -+ — ]

in I". Here we assume that C"s P(ij) # 0 for 1 < j < m. This observation follows from
Proposition 6.6.3 and motivates the following construction.
We define for each pair of vertices i[r| and j[s] in I" a linear map

(6.7.1) 7+ KDl 71s])] — Hom(C" P(i), C*P(j))
by induction on the path length. For a path £: i[r] — j[s] in T let

iderp(i) if & =&,
Cra* if & = a*[r],
"©=1c, e =l
Oy if £ = au[r],

W(fl)...ﬂ'(fl) ifé&E=¢...64,01> 1.

Proposition 6.7.1. Let C"P(i) and C*P(j) be two indecomposable preprojective rep-
resentations. Then the linear map m (6.7.1) is an epimorphism. The kernel of 7 is
spanned by all elements of the form

Z Tay[t|a™[t]o + Z Ta* [t — 1]aw[t]o

ac@Qn acQy

t(a)=l s(a)=l
where [t] runs through all vertices of T and o, T run through all paths o: i[r] — I[t] and
Tt —1] — j[s] in T.

Proof. We do not give the proof but refer instead to the discussion of preprojective
components in [9], in particular to 2.3.3. O

6.8. The Dynkin case. The following theorem summarises the structure of the mor-
phisms between representations of quivers of Dynkin type. Note that in this case each
indecomposable representation is preprojective and therefore of the form C”"P(i) for
some vertex 7 and some r < 0.

Theorem 6.8.1. Let (Q be a quiver whose underlying graph is a Dynkin diagram. Sup-
pose X 2 C"P(i) and Y = C*P(j) are two indecomposable representations.

(1) We have End(X) = k and every non-isomorphism X — Y is a sum of composi-
tions of irreducible morphisms between indecomposable representations.

(2) There ezists an irreducible morphism X — Y if and only if
(a) r = s and there exists an arrow j — i, or
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(b) = s+ 1 and there exists an arrow i — j.
Given two irreducible morphisms ¢, ¢': X — Y, there exists \ € k with ¢/ = \¢.
(3) There exists an integer d = d(X,Y) > 0 such that

Hom(X,Y) = Rad’(X,Y) =... =Rad%(X,Y) D Rad™(X,Y) =0

Proof. (1) We have End(X) = k by Proposition 6.6.2. There are only finitely many iso-
morphism classes of indecomposable representations by Theorem 5.1.1. Thus the length
of the indecomposable representations is bounded by some n and we have therefore
RadQn_l(X, Y') = 0 by Proposition 6.3.2. It follows from Proposition 6.2.4 that every
non-isomorphism X — Y is a sum of compositions of irreducible morphisms between
indecomposable representations.

(2) See Proposition 6.6.3. The last assertion follows from (3), because Irr(X,Y) # 0
implies Rad?(X,Y) = 0.

(3) Let d = d(i[r], j[s]) be the length of a path £: i[r] — j[s] in " and put d = 0
if there is no such path. Observe that d does not depend on the choice of ¢ because
any two parallel paths in I' have the same length. Here one uses that the underlying
graph of @ is a tree. Now we apply (1). The assertion is clear if Rad(X,Y) = 0. A
non-zero morphism ¢ € Rad(X,Y’) can be written as a finite sum ¢ = >, ¢yq. .. 1211
of compositions of irreducible morphisms between indecomposable representations, and
each chain has length d since it corresponds to a path i[r] — j[s] in I". Thus we have
¢ € Rad(X,Y) but ¢ ¢ Rad®™(X,Y). O

7. THE INFINITE RADICAL

In this section we characterize the quivers of finite representation in terms of mor-
phisms between their representations. We use some global properties, in particular
infinite chains of radical morphisms.

Throughout this section we fix a quiver Q.

7.1. Reflection functors and exact sequences. A sequence of morphisms between

representations
X ®1 ®2 r
1— Xo— ... — X
is called exact if Im ¢; = Ker ¢; 41 for all 1 < ¢ < r.

Lemma 7.1.1. Let i be a verter of Q and 0 — X' — X — X" — 0 an exact sequence.
(1) Suppose i is a sink. Then S’Z-"r mnduces an exact sequence

0— SjX’ — S;FX — S;FX” — Coker ;X" — Coker ;X — Coker 1; X" — 0.
(2) Suppose i is a source. Then S, induces an exact sequence
0 — Kerm X' — Kerm X — Kerm X" — SZ-_X’ -5, X — SZ._X” — 0.
Proof. Apply the snake lemma. O

The lemma can be simplified. An elementary argument shows that any exact sequence
0— X" — X — X” — 0 induces exact sequences

0— S X" —-5"X - 8FX" - X" -0 (iasink)
0—-X =S5 X' -5 X—S5 X"—0 (iasource)

such that X and X~ are direct sums of copies of S(i).
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Lemma 7.1.2. Suppose QQ has no oriented cycle and fix a vertex i. Then we have the
following exact sequences

(7.1.1) 0— P PG Pi) — () —o
a:i—]
(7.1.2) 0—Pi) 2 @ PG Pli)—0 (i asink)
a: j—1
(7.1.3) 0 — P(i) 2 (D rw)e( @ c Py YD o-pi) — 0
a: j—1 B:i—j

where p(i)a = a*, p(i)g = Py, V(i)a = ax, and v(i)g = C~ (*.

Proof. For the first sequence see Lemma 6.4.1.

The second sequence is obtained from the first as follows. Let ¢ be a sink of Q). Then
i is a source of Q = ¢;Q. Now use Lemma 7.1.1 and apply S, to the sequence (7.1.1)
for Q to obtain the sequence (7.1.2) for Q.

The third sequence is obtained from the second as follows. Assume for simplicity
that 1,...,n is an admissable labeling of the vertices of (). Then ¢ is a sink for Q=
oi—1...01Q and we recall that P(i) = S ...S;_,S(i) by Lemma 3.4.2. Now use again
Lemma 7.1.1 and apply Sy ... S, to the sequence (7.1.2) for Q to obtain the sequence
(7.1.3) for Q. O

7.2. Infinite chains of morphisms.

Proposition 7.2.1. Let QQ be a quiver of Euclidean type. Then there exists an infinite
family of non-isomorphisms ¢p: X;, — Xpy1, p > 1, between indecomposable represen-
tations such that ¢, ...¢1 #0 for alln > 1.

Proof. Suppose first Q is of type A,. We allow any orientation, in particular an oriented
cycle. We have an infinite family of indecomposable representations X (p), p > 1, by
Proposition 5.3.2. The construction of X (p) shows that the canonical inclusion kP —
kPT1 induces a monomorphism ¢,: X (p) — X (p+ 1) for each p > 1.

Now suppose ) has no oriented cycle. We use for all i € )y the monomorphism
w(i): P(i) — E(i) in (7.1.3) and observe that C"u(i) is a monomorphism for all » < 0.
This follows from Lemma 7.1.1 and the fact that C"P(i) # 0 for all » < 0; see Theo-
rem 5.3.1. Now choose a vertex i; of . Let X7 = P(i1) and denote by x1: X1 — I a
non-zero morphism to the indecomposable injective representation I = I(i1). Then x3
factors through p(i;) by Remark 1.7.4, because (i) is a monomorphism. Thus we can
choose an indecomposable direct summand X9 = C"™ P(i2) of E(i1) corresponding to an
arrow o and a morphism xo: X9 — I such that x2¢1 # 0 where ¢1 = 11(i1)q,. The mor-
phism y2 factors through C™p(iz) because C™pu(iz) is a monomorphism. Thus we can
choose an indecomposable direct summand X3 = C" P(i3) of C"?E(i3) corresponding to
an arrow ag and a morphism ys: X3 — I such that x3¢pa¢1 # 0 where ¢2 = C" u(i2)q,-
We continue and obtain an infinite family of morphisms ¢,: X, — X1 such that
On -1 # 0 for all n > 1. a

7.3. A characterization of finite representation type.

Theorem 7.3.1. For a quiver Q) the following are equivalent:
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(1) The number of isomorphism classes of indecomposable representations is finite.

(2) There is a global bound for the length of every indecomposable representation.

(3) We have (,,>oRad™(X,Y) =0 for every pair X,Y of representations.

(4) Given an infinite family of non-isomorphism ¢;: X; — Xip1, i > 1, between
indecomposable representations, there exists n > 1 such that ¢, ...¢p1 = 0.

Proof. (1) = (2): Clear.

(2) = (3): Use Proposition 6.3.2.

(3) = (4): Suppose ¥, = ¢y, ... ¢1 # 0 for all n > 1. Then there exists r > 1 such that
U,>1 Keryp, = Ker 1), # X because X is finite dimensional. We let X = X /Ker ),
and denote by ¢: X — X,.1 the canonical monomorphism. Then the composition
On - .. Or+1¢ is a monomorphism for all n > r. Choose an indecomposable injective
representations I and a non-zero morphism x: X — I which exist by Lemma 1.7.1.
Then Remark 1.7.4 implies that x factors through ¢, ... ¢,11¢ for all n > r. Thus yx
belongs to (1,~, Rad" (X, I).

(4) = (1): Suppose there are infinitely many indecomposable representations. Then @
contains an Euclidean subquiver Q' by Corollary 5.3.4. We obtain from Proposition 7.2.1
an infinite chain ¢;: X; — X;11 of non-isomorphisms between indecomposable repre-
sentations of @', which we can extend to a chain of morphisms for @ as in the proof of
Corollary 5.3.4. O

8. NOTES

In [6] Gabriel proved that a connected quiver admits only finitely many indecompos-
able representations if and only if it is of Dynkin type. This result and the corresponding
classification of the indecomposable representations in terms of their dimension vectors
is known as Gabriel’s theorem; see also [7]. The proof using reflection functors is due to
Bernstein, Gel’fand, and Ponomarev [3]. For the quivers of Euclidean type and the com-
plete classification of their indecomposable representations we refer to [5]. Irreducible
morphisms were introduced by Auslander and Reiten in [2] and their structure for alge-
bras of finite representation type is discussed in [8]. Infinite chains of morphisms were
used by Auslander when he characterised algebras of finite representation type [1].

The exposition given here follows mostly [3]. However, we avoid the use of algebraic
group actions and Tit’s argument. Section 2 is based on some notes of Hubery and
Section 4 on notes of Crawley-Boevey [4].
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