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tionThere are graph-partitioning problems in a wide range of appli
ations. The taskis to divide the set of verti
es of a graph equally into a given number of parts whilekeeping the number of 
rossing edges between verti
es belonging to di�erentparts, 
alled the 
ut size of the partition, as small as possible. The spe
ial 
aseof a partition of the graph into 2 parts is 
alled a bise
tion, and the minimal
ut size of all balan
ed bise
tions of a graph is 
alled its bise
tion width. Its
al
ulation is NP-
omplete for arbitrary graphs [11℄ and remains NP-
ompletefor regular graphs [5℄.There are several results on bounds on the bise
tion width of regular graphs(dis
ussed below). Results for 3- and 4-regular graphs are of spe
ial interestbe
ause these are the lowest non-trivial degrees. Some previous results for smalldegrees have been generalized to results for larger degrees.It is a general theoreti
al interest to improve previous upper bounds on 3- and4-regular graphs. Moreover, there are some dire
t appli
ations of these results. Asa motivating example, upper bounds on the bise
tion width of 4-regular graphshave su

essfully been applied to the 
on�guration of transputer systems [13℄.De�nitions and Previous Results Let G = (V;E) be a simple undire
tedgraph with vertex set V of 
ardinality n := jV j and edge set E. A graph isd-regular if for all v 2 V it is jfw 2 V ; fv; wg 2 Egj = d. Let � : V ! f0; 1g be abise
tion of G. It distributes the verti
es among parts V0 and V1. We fo
us onbalan
ed bise
tions, i. e. the number of verti
es in the parts di�er by at most 1.Let 
ut(�) := jffv; wg 2 E;�(v) 6= �(w)gj be the 
ut size of �. The bise
tionwidth of a graph G is bw(G) := minf
ut(�);� is a balan
ed bise
tion of Gg.The bise
tion width is known for some graph 
lasses with regular degree su
has tori, 
ube-
onne
ted-
y
les [18℄ or butter
ies [4℄.



There are several results on bounds on the bise
tion width of arbitrary regulargraphs. Clark and Entringer [7℄ present an upper bound of n+1383 for the bise
tionwidth of 3-regular graphs. Kosto
hka and Melnikov improve this asymptoti
allyand show an upper bound of n4 +O(pn logn) [15℄. Re
ently, an upper bound of0:198n+O(log(n)) has been proved in [24℄. Hromkovi
 and Monien [13℄ provedan upper bound of n2+1 for the bise
tion width of 4-regular graphs with n � 350.A general upper bound of n2 +5 for 4-regular graphs with any number of verti
esis proven in [24℄. The result of [15℄ for 3-regular graphs above is a 
orollary of anupper bound of d�24 n+O(dpn logn) for the bise
tion width of d-regular graphsin the same paper. An upper bound of d�24 n+1 for n � n0(d) with some fun
tionn0(d) is shown in [20, 21℄ by generalizing the te
hniques of [13℄. Alon [1℄ usesprobabilisti
 arguments to show that the bise
tion width is at most (d2 � 3pd16p2 )n2for d-regular graphs with n > 40d9.Bollobas [3℄ shows that for d ! 1 the bise
tion width of almost every d-regular graph is at least (d2 �pln(2) � d)n2 . For d = 4 he shows that almost all4-regular graphs have a bise
tion width of at least 1150n = 0:22n. Furthermore,Kosto
hka and Melnikov show that almost every 3-regular graph has a bise
tionwidth of at least 19:9n � 0:101n [16℄. There are some (slightly weaker) results forexpli
itly 
onstru
tible in�nite graph 
lasses with high bise
tion width. The Ra-manujan Graphs (see e. g. [6, 17, 19, 22℄) have a regular degree d and a bise
tionwidth of at least (d2 � pd� 1)n2 . This value is derived by the use of the well-known spe
tral lower bound �2�n4 with �2 being the se
ond smallest eigenvalueof the Lapla
ian of the graph (
f. [10℄). This implies lower bounds of 0:042n and0:133n for the bise
tion widths of 3-regular and 4-regular Ramanujan graphs.The spe
tral lower bound has been improved in [2℄ to a lower bound of 0:082jV jfor the bise
tion width of large 3-regular Ramanujan graphs and a lower boundof 0:176jV j for the bise
tion width of large 4-regular Ramanujan graphs.There are many heuristi
s for graph partitioning whi
h are su

essfully beingused in appli
ations. Furthermore, eÆ
ient software implementations of the mostrelevant methods are available by using software tools like e. g. CHACO [12℄,JOSTLE [25℄, METIS [14℄, SCOTCH [23℄ or PARTY [24℄. These heuristi
s tryto 
al
ulate a bise
tion with a small 
ut size. However, they do not guaranteean approximation of the bise
tion width. Re
ently, it has been shown that thebise
tion width 
an be approximated by a polynomial time algorithm within afa
tor of O(log2(jV j)) [9℄.New Results and Outline of the Paper In this paper we improve previousupper bounds on the bise
tion width of large 3- and 4-regular graphs. In Se
tion 2we prove for any � > 0 an upper bound of ( 16 + �)n on the bise
tion width oflarge 3-regular graphs. We are able to prove an upper bound of ( 25 + �)n on thebise
tion width of large 4-regular graphs. This proof is omitted in this versionof the paper due to spa
e limitations and in favour of a detailed des
ription ofthe 3-regular 
ase. The proof will be published in the full version. As dis
ussedabove, there are large 3-regular graphs with a bise
tion width of at least 0:101nand large 4-regular graphs with a bise
tion width of at least 0:22n. Thus, theresults are optimal up to 
onstant fa
tors and our results improve these fa
tors.



Iterative Lo
al Improvement with Helpful Sets The proofs in this paperare 
onstru
tive and follow an iterative lo
al improvement s
heme. It starts withan arbitrary balan
ed bise
tion. If the 
ut size of it does not ful�ll the statedupper bound, it performs two steps to improve the bise
tion as illustrated inFig. 1. In the �rst step, a small set S0 � V0 is moved to V1. S0 is 
hosen su
hthat this move de
reases the 
ut size. In the se
ond step, a set S1 � V1[S0 withjS1j = jS0j is moved to V0. S1 is 
hosen su
h that the 
ut size does not in
reasetoo mu
h, i. e. su
h that the in
rease is less than the de
rease in the �rst step.Thus, the resulting bise
tion is balan
ed and has a smaller 
ut size. These stepsare repeated until the 
ut size drops below the upper bound. The proofs in thispaper ensure that there are sets S0 and S1 with the desired property as long asthe 
ut size is higher than the stated upper bound.
S
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Fig. 1. One iteration of a lo
al improvement.This lo
al improvement s
heme has su

essfully been used to derive upperbounds on the bise
tion width of 4-regular graphs [13, 20℄. Furthermore, it is thebasis for the Helpful-Set heuristi
 whi
h is able to 
al
ulate bise
tions with low
ut sizes for very large graphs in a short time [8, 21℄. An implementation of theHelpful-Set heuristi
 
an be found in the software tool PARTY [24℄.A move of a set of verti
es from one part to the other 
hanges the 
ut sizeof the bise
tion. The helpfulness of the set is the amount of this 
hange.De�nition 1. Let � be a bise
tion of a graph G = (V;E). For S � Vp(�),p 2 f0; 1g, letH(S) = jffv; wg 2 E; v 2 S;w 2 V nVp(�)gj � jffv; wg 2 E; v 2 S;w 2 Vp(�)nSgjbe the helpfulness of S. S is 
alled H(S)-helpful.2 Upper Bound on the Bise
tion Width of 3-regularGraphsIn this se
tion we derive a new upper bound on the bise
tion width of 3-regulargraphs. The proof is based on the iterative lo
al improvement s
heme des
ribedin the previous se
tion. We will use Lemma 3 for the �rst step of the improvements
heme and Lemma 4 for the se
ond step. These lemmas will be used to prove thetheorem at the end of this se
tion. Lemma 2 is the main lemma of this se
tionand may be of interest on its own. It will be used to prove Lemma 3.



Lemma 1. Let T = (V;E) be a tree with weights w : V ! N. Let A =(Pv2V w(v))=(jV j � 1). Let w(l) � A for all leaves l. Then there are adja
entverti
es u and v with w(u) + w(v) � 2 � A.Proof. By indu
tion on jV j. The 
ase if T is a path is trivial.Otherwise 
onsider an arbitrary leaf v0. Let v1; : : : ; vk+1 be the path 
on-ne
ting v0 to a vertex vk+1 of degree at least 3, i. e. the degree of vi, 1 � i � k,is 2. Let T 0 be the subtree (path) v0; : : : ; vk.By 
onsidering the vertex pairs fv1; v2g; fv3; v4g; : : : ; fvk�1; vkg if k is evenor fv0; v1g; fv2; v3g; : : : ; fvk�1; vkg if k is odd we dedu
e that we either found thedesired pair or it is w(T 0) � A � jV (T 0)j. But in this 
ase the tree TnT 0 satis�esw(TnT 0) � A � jV (TnT 0)j and we 
an apply indu
tion on TnT 0. utLemma 2. Let G = (V;E), E = B ℄ R, be a 3-regular graph with bla
k edgesB and red edges R. Let ea
h vertex be adja
ent to at least one bla
k edge. LetjRj > ( 12 + �)jV j for an � > 0. Then there is a set S � V of size O( 1�2 ) su
h thatthe number of red edges between verti
es of S is larger than the number of bla
kedges between S and V nS.Proof. Let e be the number of verti
es whi
h are adja
ent to 3 bla
k edges, d1be the number of verti
es whi
h are adja
ent to 2 bla
k edges and d2 be thenumber of verti
es whi
h are adja
ent to 1 bla
k edge, i. e. jV j = e+d1+d2 and2jRj = 2d2 + d1. It is jRjjV j = d1 + 2d22(d1 + d2 + e) : (1)The fa
t jV j < 2jRj leads us toe = jV j � d2 � d1 < 2jRj � d2 � d1 = d2 : (2)Call a set S � V positive if it has more internal red edges than external bla
kedges, negative if it has more external bla
k edges than internal red edges andneutral if the numbers are equal.Consider the graph 
onsisting of bla
k edges only and let F be the familyof its 
onne
ted 
omponents. Clearly, the elements of F are neutral or positive.As a simple example, a positive set I 2 F of size O( 1�2 ) ful�lls the lemma. Inthe following we manipulate the sets in F . However, the number of sets in Fremains 
onstant and the sets in F remain neutral or positive.The number of verti
es of degree 1 in a 
onne
ted 
omponent ex
eeds theverti
es of degree 3 by at most 2. Thus, for ea
h I 2 F it is e(I) � d2(I) � 2.More pre
isely, it is e(I) = d2(I)+2r(I)�2 with r(I) being the number of edgeswhi
h 
an be removed from I without splitting it into dis
onne
ted 
omponents.Let r =PI2F r(I). It is e = d2 + 2r � 2jF j : (3)Let Æ > 0 be a 
onstant. The value of Æ will be assigned below. A set I 2 Fis 
alled small if jI j � 1Æ and large otherwise. Denote with �(S), S � V , thenumber of red edges between verti
es of S and verti
es of small sets. Call a bla
kpath P a thin path if it has the following property. P 
ontains only verti
eswith bla
k degree of 2, P has a maximal path length, i. e. both end verti
es are



adja
ent via a bla
k edge to a vertex of bla
k degree 1 or 3 (or, as des
ribedbelow, to a marked vertex of degree 2) and it is jP j � �(P )Æ . Call a bla
k path Pa thi
k path if it has all these properties ex
ept the last one.Let B(I), I 2 F , be the family of dis
onne
ted 
omponents of I if all rededges and thin paths of I are removed. Let �(B) = jB(I)j. Let s(I) be the sizeof the union of I and all small sets whi
h are 
onne
ted to I via a red edge. Aset I 2 F is 
alled thin if s(I) < �(I)�1Æ and thi
k otherwise.The outline of the proof is the following. We state an algorithm below whi
hmanipulates the elements of F . Espe
ially, we will dis
onne
t 
ertain thin pathsfrom the rest of their set. The dis
onne
tion of a thin path P will shade it andmark both verti
es previously 
onne
ted to the ends of P as well as mark thesmall sets 
onne
ted to P via a red edge. We dis
onne
t thin paths in ea
h setI 2 F until there is no thin path in any 
y
le of I . For su
h a set I 2 F we
onstru
t the tree T (I) = (X;Y ) with the vertex set X being the dis
onne
ted
omponents from B(I) and with the edges 
onne
ting the 
omponents if there isan unshaded thin path between them. It is �(I) = jX j = jY j+1. Let the weightw(v), v 2 X , be the size of the subset represented by v.The algorithm may terminate with a positive set of size O( 1Æ2 ). Sin
e we willset later Æ = �6(1+2�) , we 
an say that any positive set of size at most O( 1Æ2 ) ful�llsthe lemma. Otherwise, the algorithm terminates with a family F 
onsisting ofsets of the following types only.(i) I 2 F is large.(ii) I 2 F is small and has at least one red edge to a thi
k set or to a thi
k path.(iii) I 2 F is small and has at least 2 vertex marks or there is a 
y
le of bla
kedges in I .We will �nish the proof by showing that if there are only sets of these types,we get a 
ontradi
tion. Thus, the algorithm was su

essful in �nding a set ful-�lling the lemma. The following algorithm manipulates the elements of F .Step 1: If there is a positive small set I 2 F , then I ful�lls the lemma. If thereis a red edge between two di�erent small sets Ia; Ib 2 F , then Ia [ Ib ful�llsthe lemma be
ause Ia and Ib are neutral themselves and the union has anadditional internal red edge. Both kind of ful�lling sets have a size of O( 1Æ ).Step 2: If there is a thin path P with �(P ) � 3, we show that there is a setful�lling the lemma. We will take 3 small sets whi
h are 
onne
ted to P via ared edge and unify them with a subpath of P su
h that the subpath 
onne
tsthe 3 small sets. This union is a positive set. We will show that there are 3small sets su
h that the 
onne
ting subpath is not too long, i. e. su
h thatthe size of the union is at most O( 1Æ ).P 
an be divided into subpaths by deleting the verti
es in P whi
h are
onne
ted to a small set via a red edge. There are �(P ) su
h verti
es, i. e.�(P )+1 su
h (possibly empty) subpaths Pi, 1 � i � �(P )+1. Let xi = jPij.It is jP j = P�(P )+1i=1 xi + �(P ). In the following we do not 
onsider thesubpaths P1 and P�(P )+1 on both ends of the path.If �(P ) = 3, it is x2 + x3 = 2 1�(P )�1P�(P )j=2 xj . If �(P ) > 3, there is an i,2 � i < �(P ) su
h that xi + xi+1 � 3 1�(P )�1P�(P )j=2 xj . Otherwise we get



2P�(P )j=2 xj =P�(P )�1j=2 (xj + xj+1) + x2 + x�(P ) > 3�(P )�2�(P )�1P�(P )j=2 xj + x2 +x�(P ) � 2P�(P )j=2 xj + x2 + x�(P ), whi
h is a 
ontradi
tion.Thus, there is an i, 2 � i < �(P ), with xi + xi+1 � 3 jP j�(P )�1 � 3 �(P )(�(P )�1)Æ �3 32Æ = O( 1Æ ). The union of Pi, Pi+1, the three verti
es 
onne
ting the pathsPi�1 with Pi, Pi with Pi+1 and Pi+1 with Pi+2 and the three small sets
onne
ted to these verti
es is a positive set with a size of O( 1Æ ).From now on it is �(P ) � 2 for ea
h thin path P .Step 3: If there is a thin path P in a large set I 2 F and there is a 
y
le inI whi
h in
ludes P , remove the edges 
onne
ting P with InP and shade P .The 
y
le in I ensures that both verti
es whi
h are 
onne
ted to the ends ofP had a bla
k degree of 3 or (as we will see below) they had a degree of 2and were marked on
e.It is �(P ) � 2 due to step 2. If �(P ) = 1, let S1 2 F be the small set
onne
ted to P via a red edge and assign 2 marks to S1. If �(P ) = 2, letS1; S2 2 F be the small sets 
onne
ted to P via a red edge and assign 1mark to S1 and 1 mark to S2. The verti
es whi
h were 
onne
ted to bothends of P get a mark, too. Their bla
k degree is redu
ed by one due to theremoval of the 
onne
ting edges. Although a vertex with bla
k degree of 2may be generated, it is not to be taken as part of a thin or thi
k path.The removal of the 
onne
ting edges 
hanges the graph. However, only twobla
k edges are removed whi
h are internal to I , i. e. I remains neutral orpositive. Although P is dis
onne
ted from the rest of I and shaded, we still
onsider it to be a part of I . Therefore, neither the value s(I) nor the numberof elements in F does 
hange.The 
hanges of the graph in this step 
ome into a

ount again when a positiveset S of size O( 1Æ ) is found in a future part of the algorithm. S is only positivewith respe
t to the graph with removed edges. As we will see in step 4, S mayin
lude a subset of InP . Espe
ially, S may in
lude a marked vertex v whi
h is
onne
ted to the end of P . However, this external edge 
an be 
ompensatedby enlarging S with P , S1 and, if existing, S2. Thus, the bla
k edge betweenv and P is now internal and the possible external bla
k edge between P andthe vertex 
onne
ted to the other end of P is 
ompensated by the internaledge between P and S1. Thus, the enlarged set S is positive after addingthe formerly removed edges. S is getting enlarged for ea
h vertex mark of avertex in S. Ea
h enlargement adds at most jP j + jS1j + jS2j � 4Æ verti
es.All enlargements lead to a positive set S of size O( 1Æ2 ) ful�lling the lemma.Repeat step 3 until there are no su
h thin paths.Step 4: Let I 2 F be a thin set. Let T (I) = (X;Y ) be the graph of I withedges Y representing the unshaded thin paths in I as des
ribed above. T (I)is a tree due to step 3. For ea
h leaf l in T (I) let L(l) be the union of theverti
es represented by l, all adja
ent (possibly shaded) thin paths and allsmall sets whi
h are adja
ent to these verti
es via a red edge. Clearly, su
h aset L(l) is neutral or positive. We de�ned the weight w(v) of a vertex v 2 Tabove to be the number of verti
es represented by v. We rede�ne the weightw(l) for ea
h leaf l in T (I) to be jL(l)j. Call a leaf l small if w(l) < 1Æ . If there



is a shaded thin path between two small leaves l1 and l2, then L(l1) [ L(l2)is positive of size O( 1Æ ) and the lemma is ful�lled. In the remainder we 
anassume that there is no su
h path and, therefore, for the new de�nition ofthe weights it holds Pv2X w(v) � s(I).If there is a thin set I 2 F with w(l) � 1Æ for ea
h leaf l in T (I), we 
anful�ll the lemma. It is w(l) � 1Æ � s(I)�(I)�1 � Pv2X w(v)jXj�1 . T (I) ful�lls therequirements of Lemma 1. Thus, there are adja
ent verti
es u; v 2 T withw(u) +w(v) � 2 � �Xv2X w(v)� =(jXj � 1) � 2 � s(I)�(I)� 1 � 2Æ :The union S of the verti
es represented by u, v and the edge between uand v has a size of O( 1Æ ). However, we have to insert the edges whi
h wereremoved in step 3 and 4. For ea
h removed edge of step 4 (see below) and forea
h vertex mark of step 3 we enlarge S with the adja
ent thin path and asmall set 
onne
ted to this path via a red edge. Ea
h enlargement in
reasesS by at most O( 1Æ ) and 
ompensates an external bla
k edge as dis
ussed instep 3. All enlargements together result in a positive set S of size O( 1Æ2 ) andthe lemma is ful�lled.If we 
ould not ful�ll the lemma, 
onsider all thin sets I 2 F whi
h havea leaf l in T (I) with w(l) < 1Æ . We will manipulate two elements of F . LetP be the thin path whi
h 
onne
ts l with its neighbor v in the tree and letS be the small set 
onne
ted to P . Remove I and S from F and 
onstru
tsome new sets I1 and I2. Let I1 be the union of the verti
es represented byl, the path P and the small set S. Let I2 be the set I redu
ed by P andthe verti
es represented by l. If jI2j � 1Æ , then the union L(l) [ I ful�lls thelemma. Otherwise, remove the edge whi
h 
onne
ts P with v. Now I1 andI2 are dis
onne
ted and both are neutral or positive with I1 being a smallset and I2 being a large set. Unlike before, let the value jL(l)j be the sizeof I1. To keep our notations 
orre
tly we ex
hange the red 
olor of the edgebetween P and S and the bla
k 
olor of the edge between P and v. Thisdoes not 
hange the neutral status of I1.We now add I1 and I2 to F . Thus, this step does not 
hange the number ofelements in F .Note that, like in step 3, we will �nd a positive set of size O( 1Æ ) in a futurepart of the algorithm. And, again, we have to insert the removed edges andwe 
ompensate the external edge with enlarging the set by the path P andthe small set S. Thus, ea
h single enlargement will in
rease the size of the setby at most O( 1Æ ) leading to a positive set of size O( 1Æ2 ) ful�lling the lemma.Go ba
k to step 1 if any new small set was generated in step 4.In the remaining we show the 
ontradi
tion if only sets of types (i)-(iii)remain. Let z be the number of sets of type (i) or (ii). Let z2 be the number ofsets of type (iii) with at least two vertex marks and let z1 be the number of setsof type (iii) with an internal bla
k 
y
le.



It is e = d2+2r�2jF j due to equation (3). At most r thin paths were shaded,leading to at most 2(r�z2) vertex marks. Noti
e that only thin paths in large setswere shaded. It is 2(z1+z2) � 2r. It follows e = d2+2r�2z�2(z1+z2) � d2�2z.Ea
h set of type (ii) is adja
ent to a set of type (i) via a red edge. Let I 2 Fbe a set of type (i). We will show that s(I) is large enough to reserve an averagesize of 16Æ for I itself and for all small sets of type (ii) 
onne
ted to thi
k pathsand unshaded thin paths of I . Ea
h thi
k path P is 
onne
ted to �(P ) sets oftype (ii) and has a size of at least �(P )Æ . We reserve a value of 12Æ for ea
h setof type (ii) whi
h is 
onne
ted to a thi
k path. It remains a value of at leasts(I)2 for I and all small sets 
onne
ted to unshaded thin paths of I . There areat most �(I) � 1 unshaded thin paths in I , the others were shaded in step 3.Thus, there are at most 2�(I) � 2 small sets of type (ii) whi
h are adja
entto unshaded thin paths of I via a red edge. Together with I these are at most2�(I) � 1 sets of type (i) or (ii). If �(I) = 1 it is s(I)2 � 12Æ . If �(I) � 2 itis s(I)2 � �(I)�12Æ � 2�(I)�16Æ . Thus, we 
an reserve at least 16Æ for ea
h set oftype (i) and (ii) and it is e + d1 + d2 � z6Æ . With e < d2 (equation (2)) we getz � 6Æ(d1 + 2d2).With e � d2 � 2z and z � 6Æ(d1 + 2d2) the equation (1) leads us tojRjjV j = d1 + 2d22(d1 + d2 + e) � d1 + 2d22(d1 + 2d2 � 2z) � d1 + 2d22(d1 + 2d2 � 12Æ(d1 + 2d2)) = 12(1� 12Æ) :However, it is jRjjV j > 12 + �. This leads to 
ontradi
tion for Æ � �6(1+2�) . Thisshows that during the algorithm we have found a set ful�lling the lemma. utIn the following we state the lemmas 3 and 4 whi
h are used for the two stepsof the lo
al improvement s
heme. Before we do so, we 
lassify the verti
es.De�nition 2. The verti
es of V0 (or V1) are 
lassi�ed a

ording to their dis-tan
e to the 
ut. It is V0 = C ℄D ℄ E with C verti
es being at a distan
e of 1to the 
ut, i. e. they are in
ident to a 
ut edge. D verti
es are at a distan
e of 2and E verti
es at a distan
e of at least 3. D verti
es are further 
lassi�ed withrespe
t to the number of adja
ent C verti
es. I. e. D = D3℄D2℄D1 and ea
h Dxvertex is adja
ent to x verti
es in C. Overall, it is V0 = C ℄D3 ℄D2 ℄D1 ℄E .The values 
, d3, d2, d1 and e spe
ify the number of verti
es of ea
h typeand the values 
(X), d3(X), d2(X), d1(X) and e(X) denote the number of thea

ording verti
es in a set X � V .Lemma 3. Let � be a bise
tion of a 3-regular graph G = (V;E) with V = V0℄V1.If 
ut(�) > ( 13+2�)jV0j, � > 0, then there is an at least 1-helpful set of size O( 1�2 )in V0.Proof. We fo
us on part V0 of the bise
tion only. Let m := jV0j.There are some stru
tures whi
h would dire
tly lead to small 1-helpful sets.(i) If a C vertex is in
ident to two or three 
ut edges, it is an at least 1-helpfulset by itself.(ii) A set of three 
onne
ted C verti
es is 1-helpful.



(iii) If there are two adja
ent C verti
es and one of them is adja
ent to a D3vertex, then the union of the adja
ent C verti
es, the D3 vertex and its twoother adja
ent C verti
es form a 1-helpful set of size 5.(iv) Another 1-helpful set 
an be formed if two D3 verti
es are adja
ent to a
ommon C verti
es. Then, the union of both D3 verti
es and their adja
entC verti
es is a 1-helpful set of size 7.(v) Let v be a vertex whi
h is adja
ent to a C vertex whi
h itself is adja
entto another C vertex or a D3 vertex. If both other neighbors of v are fromC[D2[D3, the union of the mentioned verti
es and their adja
ent C verti
esforms an at least 1-helpful set of size at most 11.In the remainder we 
an assume that these types of stru
tures do not exist.Espe
ially, sin
e (i) is ex
luded, it is 
 = 
ut(�).We manipulate the edges between verti
es of V0 su
h that G is transformedinto a 3-regular graph �G = (V; �E) with the following properties.{ V0 of �G does not 
ontain D3 verti
es or adja
ent C verti
es.{ If there is a 1-helpful set �H � V0 of �G, then there is an at least 1-helpful setH of G, �H � H � V0, with jHjj �Hj bounded from above by a 
onstant value.We omit the proof of the transformation of G into �G and the reverse transfor-mation of �H to H due to spa
e limitations.�G = (V; �E) has no D3 verti
es and no adja
ent C verti
es, i. e. it is nowd3 = 0 and 2
 = 2d2 + d1. Furthermore, be
ause of m < 3
 it is (similar toequation (2))e = m� 
� d2 � d1 < 2
� d2 � d1 = 2d2 + d1 � d2 � d1 = d2 : (4)Constru
t a new graph K 
onsisting of the D and E verti
es of ~G, i. e.K = (U; F ) with U = D ℄ E. Let F = B ℄ R with bla
k edges B and rededges R. The bla
k edges are the edges between the D and E verti
es as in ~G.Furthermore, there is a red edge between two verti
es if they are adja
ent to a
ommon C vertex in ~G, i. e. jRj = 
. Thus, K is 3-regular with a maximum reddegree of 2, due to the fa
t that there are no D3 verti
es. It isjRj = 
 > (13 + 2�)(
+ d2 + d1 + e) > (13 + 2�)32 (d2 + d1 + e) = (12 + 3�)jU j :Thus, K ful�lls the requirements of Lemma 2 for �� = 3�. We use Lemma 2 toderive a set S of D and E verti
es with size O( 1��2 ) = O( 1�2 ).The number bext of external bla
k edges of S with respe
t toK is equal to thenumber of edges between S and other D and E verti
es in V0. The number rintof internal red edges of S with respe
t to K is equal to the number of C verti
esin V0 whi
h are 
onne
ted to two verti
es in S. Lemma 2 ensures rint > bext.Let �S be the union of S with all adja
ent C-verti
es. It is j �Sj = O( 1�2 ). Ea
hexternal bla
k edge 
onne
ts �S with V0n �S. The external red edges are neutral,be
ause they 
onne
t S via a C vertex to V0n �S. Thus, su
h a C vertex has oneedge to V1 and one edge to V0n �S. Ea
h internal red edge is a C vertex whi
h is
onne
ted to two verti
es in S. Thus, su
h a vertex has one edge to V1 and noedges to V0n �S. Overall, there are rint edges between �S and V1 and bext edgesbetween �S and V0n �S. This leads to H( �S) = rint � bext > 0 and �S ful�lls thelemma. ut



In the following, `log(x)' denotes the logarithm of x to the basis 2.Lemma 4. Let G = (V;E) be a 
onne
ted 3-regular graph and let � be a bi-se
tion of G. If jV1(�)j < 3 � 
ut(�) and 0 < x < jV1(�)j, then there is a setS � V1(�) with jSj = x and H(S) � �1� log(jSj).Proof. We �rst dis
uss the following 
ases.(i) If x � 2, any set S of x verti
es whi
h are in
ident to a 
ut edge has thedesired property H(S) � �1� log(jSj).(ii) If we �nd a set Z � V1(�) with jZj � x and H(Z) � 0, we 
an move Zfrom V1 to V0 without in
reasing the 
ut size. It remains to apply the lemmaagain with �x = x � jZj. Noti
e that in the 
ase H(Z) > 0 the move mayresult in jV1j � 3 � 
ut. In this 
ase verti
es whi
h are in
ident to a 
ut edge
an be moved from V1 to V0 until we either moved a total of x verti
es oruntil it holds jV1j < 3 � 
ut. In the latter 
ase we apply the lemma again.(iii) If we �nd a set Z � V1(�) with x2 � jZj � x and H(Z) � �1, we 
an moveZ from V1 to V0 with in
reasing the 
ut size by at most 1. It remains toapply the lemma again with �x = x � jZj < x2 . This will 
onstru
t a set �Swith j �Sj = x � jZj and H( �S) � �1� log(j �Sj), and a uni�ed set S = Z [ �Swith jSj = x and H(S) � �1� 1� log(j �Sj) � �1� log(jSj).In the following we 
an ex
lude the existen
e of 
ertain small 0-helpful sets.One example are C verti
es in
ident to two or three 
ut edges and any set oftwo adja
ent C verti
es. A D3 vertex, together with its adja
ent C verti
es, alsoforms a 0-helpful set. In the remainder there are no su
h sets, i. e. it is 
ut = 
,d3 = 0 and 2
 = 2d2 + d1. Be
ause of jV1j < 3
 it holds equation (4).Consider the graph indu
ed by the vertex set D [E and its 
onne
ted 
om-ponents. Let F be the family of these 
omponents. For a set I � V1(�) de�nethe enlarged set Z(I) = I [fv 2 C; 9w 2 I with fv; wg 2 Eg whi
h in
ludes theadja
ent C-verti
es. Clearly, ea
h set Z(I) for an I 2 F is at least 0-helpful. Ifthere is a set Z(I), I 2 F , with jZ(I)j � x, we pro
eed as dis
ussed in 
ase (ii).Consider a 
onne
ted 
omponent I 2 F and let K = (I; J) be the subgraphof G indu
ed by I . The E verti
es in K have degree 3, D1 verti
es have degree 2and D2 verti
es have degree 1. It is easy to see that e(I) � d2(I) i� K 
ontainsa 
y
le and e(I) = d2(I)�2 otherwise. Be
ause of equation (4) there is an I 2 Ffor whi
h the indu
ed subgraph is a tree.Let I 2 F be a 
onne
ted 
omponent with the indu
ed subgraph T = (I; J)being a tree. Assign a weight w(v) to ea
h vertex v in the tree with w(v) =jZ(fvg)j. For ea
h vertex v this is one higher than the number of C verti
esadja
ent to v. Thus, ea
h leaf has a weight of 3, ea
h vertex of degree 2 has aweight of 2 and ea
h vertex with a degree of 3 has a weight of 1. It isPv2L w(v) =jZ(L)j for an L � I if there are no C verti
es whi
h are 
onne
ted to two verti
esof L. It is Pv2Lw(v) > jZ(L)j for an L � I if there is at least one su
h vertex.With jZ(I)j > x it is Pv2T w(v) > x. Clearly, for this type of weight dis-tribution there is an edge in T whi
h separates T into T1 and T2 with x2 �Pv2T1 w(v) � x. If jZ(T1)j <Pv2T1 w(v), it is jZ(T1)j < x and H(Z(T1)) � 0and we pro
eed with 
ase (ii) above. If jZ(T1)j =Pv2T1 w(v), it is x2 � jZ(T1)j �x and H(Z(T1)) � �1. We pro
eed with 
ase (iii) above. ut



Theorem 1. For any � > 0 there is a value n(�) su
h that the bise
tion widthof any 3-regular graph G = (V;E) with jV j > n(�) is at most ( 16 + �)jV j.Proof. We start with an arbitrary bise
tion and follow the iterative lo
al im-provement s
heme des
ribed in Se
tion 1. As long as the 
ut is above the bound,we repeatedly use Lemma 3 and 4 to 
al
ulate a new bise
tion with a lower 
ut.Thus, we 
an limit our fo
us on one iteration of the two lemmas. Let �0 be abalan
ed bise
tion at the start of the iteration with 
ut(�0) > ( 16 + �)jV j.Step 1: We 
onstru
t a small helpful set S � V0. Set k = 4 � log( 1� ). The valueof k is dis
ussed below. We apply Lemma 3 several times. Ea
h time we�nd an at least 1-helpful set. We pro
eed until we rea
h a total helpfulnessof at least k, i. e. we apply the lemma k0 times with k0 � k. Let Si � V0,1 � i � k0, with jSij = O( 1�2 ) be the sets 
onstru
ted with Lemma 3. Aftera 1-helpful set Si is 
onstru
ted, it is moved from V0 to V1 and the next setSi+1 is 
onstru
ted. Let S = ℄1�i�k0Si. It is jSj = k0 �O( 1�2 ) = k �O( 1�2 ) andH(S) � k.It remains to show that the requirement of Lemma 3 is ful�lled before ea
h
onstru
tion of a helpful set. Let �� = �2 . It is jV j � 2jV0j � 1 and 
ut(�0) >( 13 + 2��)jV0(�0)j � ( 16 + ��) + ��jV j at the beginning. Let n(�) be large enoughsu
h that ��jV j � k + ( 16 + ��) for all jV j > n(�). Thus, it is 
ut(�0) >( 13 + 2��)jV0(�0)j + k. Ea
h appli
ation of Lemma 3 de
reases the size ofthe 
ut. We perform the lemma as long as 
ut(�) > 
ut(�0) � k > ( 13 +2��)jV0(�0)j � ( 13 + 2��)jV0(�)j with � being the 
urrent bise
tion. Thus, the
ondition 
ut(�) > ( 13 + 2��)jV0(�)j is true before ea
h appli
ation.Let �1 be the new bise
tion with 
ut(�1) = 
ut(�0)�H(S).Step 2: If H(S) = k, it is 
ut(�1) = 
ut(�0) � k. If H(S) > k, it is 
ut(�1) <
ut(�0)� k and we 
hange �1 by iteratively moving border verti
es from V1to V0 until we either get to 
ut(�1) = 
ut(�0)� k or to a balan
ed bise
tion(in this 
ase we are already �nished). Ea
h move of a border vertex de
reasesthe imbalan
e of the bise
tion and in
reases the 
ut by at most one.Let i := jV1(�1)j � n2 be the imbalan
e of �1. It is i � k � O( 1�2 ). We useLemma 4 to �nd a balan
ing set �S � V1(�1) with j �Sj = i.Lemma 4 
an only be applied if jV1(�1)j < 3 � 
ut(�1). The fa
t 
ut(�0) >( 16 + �)n implies jV1(�1)j = n2 + i < 3
ut(�0)� 3� � n + i = 3
ut(�1) + 3k �3� �n+ i � 3
ut(�1) if 3k+ i � 3� �n. Clearly, there is a value n(�) su
h thatthis equation holds for all graphs with n > n(�).We use Lemma 4 to get a set �S � V1(�1) with j �Sj = i andH( �S) � �1�log(i).The move of �S from V1 to V0 results in a balan
ed bise
tion �2 with 
ut(�2) �
ut(�1) + 1 + log(i).We need to ensure 
ut(�2) < 
ut(�0) in order to show a de
rease of the 
utsize. It is 
ut(�2) � 
ut(�0) � k + 1 + log(i) and i � k � x 1�2 . for some 
onstantx. Choosing k = 4 � log( 1� ) ful�lls k > 1 + log(k � x 1�2 ) for 1� � 28 and 1� � x. utA
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